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PREFACE. 



The present work, prepared for the use of Students, and 
recommeLded for use a« a text-book in the University 
of Edinburgh, contains the substance of the course of 
lectures on Determinants delivered by the author, during the 
Summer Sessions 1880, 1881, to the students attending the 
Advanced Tutorial Mathematical Class in the University. 

The want of a systematic elementary treatise on Deter- 
minants has long been felt by students entering the higher 
departments of Mathematics. To supply, to some extent, 
this want, and to render an interesting and beautiful branch 
of Mathematical Analysis more aecessible to junior students, 
is the object of this little treatise. 

In its preparation I have freely avaded myself of existing 
memoirs and works relating to Determinants.* The treatises 
to which I have been chiefly indebted are those of Debtor, 
Baltzer, and Mansion. I also avail myself of this oppor- 
tunity of thanking Mr R. F. Scott, M.A., Fellow of St 
John's College, and Mr E. J, Gross, M.A., FeHow of Qon- 
ville and Gains CoUege, Cambridge, for their kindness in 
permitting me to make use of the examples -wliicb have 
been selected from their respective works, "Theory of 
Determinants " and " Algebra." 

While I have not hesitated to make use of what has 
already been wi-itten on the subject, it will be found that 

* For a very full list of such works the stnAent is rclcrrcii to Scott'a 
" Determinants," page 242, aiid the bibliographical notices in Baltzer'a 
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the present work contains much that is peculiar to it, not 
only in the general mode of arrangement, but in many 
points of detail. 

One feature of interest, to which the student should pay 
particular attention, is the constant appheation of the notions 
of degree, and of homogeneity, which now play so important 
a part in modem analysis. 

As my main object haa been to produce a text-book suit- 
able for beginners, many important theorems have been 
omitted, but the student, who masters the contents of this 
work, will experience no difficulty in furnishing himself with 
the requisite additional information from any of the more 
elaborate treatises. 

Every important principle has been illustrated by copious 
examples, a considerable number of which have been fully 
worked out. Many of the examples are original, but the 
majority of them have been selected, in some cases with 
considerable modifications, from the works referred to above, 
and from the University examination papers. 

Any corrections or suggestions for the improvement of 
the work will be thankfully received. 

I have great pleasure in thanking Professors Chrystal 
and Tait for their kindness in examining the work in 
manuscript and proof-sheet, and for their many valuable 
suggestions for its improvement, which have in all cases 
been adopted. My thanks are also due to the members of 
the Advanced Tutorial Mathematical Class, Summer Session 
1881, especially to MrE, E. Allardice, for working through 
all the examples and testing the accuracy of the results. 
WILLIAM THOMSON. 

Edinburoh University. 
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INTRODUCTION TO BBTEMINANTS. 



CHAPTER I. 

DEFINITIONS, NOTATION, AND GENERAL PROPERTIES OF 
DETERMINANTS, 

1. Preliminary Definitions. — A^ the notion of decp^ee and 
homogeneity ia of great importance, not only in the Theory 
of Determinants, but also in almost every branch of Mathe- 
matics, the following definitions may be useful to the 
student : — 

Any series of letters connected merely by the signs of 
multiplication and division ( x and -^ ) is called a terrm, ; 
for example « x B x c, a? nb x x, ft x 6* ~ a;, «^ x 6* x x~^, 
and a^ -^ B« -r K^. 

Any series of such terms connected by the signs of addi- 
tion and subtraction ( + and - ) is called a function of the 
letters involved. 

Thus a^ + ¥ + c^ - Zahc and — + — + — are each functions 
c a h 

of a, 6, and c. 

A function, which contains a finite number of terms, and 
involves only positive integral powers of the letters named, 
is called a rational, integral, algebraic function of these 

»? 'J? 
letters ; for example, 3x* + — + — + 6ic + c is a rational. 
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2 GENERAL PROPERTIES OF DETERMINANTS. 

integral, algebraic function of x. The following are ex- 
amples of functions of x which do not belong to this class; — 

x'^ x^ 
for (1) involves a fractional power of x, (2) involves nega- 
tive powers of x, since x is in the denominator of the frac- 
tions, and (S) cannot be expressed in the form of a series 
of multiples of positive integral powers of x, except by 
means of an vnjvnAte. number of terms. 

These definitions are sufficient for the present treatise ; 
but the notion of function may he further extended. 

When the expression function is used henceforth, a 
rational, integral, algebraic function is understood. 

For the purpose of reckoning the degree of a term or of 
a function, letters are divided into two classes ; letters taken 
into account in reckoning degree, called named or variable 
letters, and letters not taken into account in reckoning 
degree, called untvimed letters, or constants. In the latter 
class are included all numerical expressions. 

The degree of a term, in any set of named letters, is de- 
fined to be the sum of the indices of these letters ; for 
example, the terra Qx^y^z* is of the fifteenth degree in 
X, y, and z, of the eleventh degree in x and y, of the ninth 
degree in y and s, and of the sixth degree in x, &c. 

It is here understood that a^ stands for a x a, a^ for 

ax a X a, and generally a" for a x a x a n times. 

All the ordinary laws of positive integral exponents are 



The degree of a function, in any set of named letters, is de- 
termined by the degree of the term of highest degree in these 
letters; for example, ax + iis the most general function of the 
first degree in x. This is sometimes called a linear function. 
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GENERAL PROPERTIES OF DETERMINANTS. 3 

Again cu^ + bx + e is a function of the second degree in 
X, while aa? + hi? + cxy + dz + 6 is a function of the third 
degree in x, of the third degree in x and y, and of the first 
degree in y. 

A function is said to be homogeneous when all its terms 
are of the same degree. 

Thus aa? + hxy + cj/^ and aa^ + by^ + cs^ + da^ + eyz+ fza 
are each homogeneous functions of the second degree, the 
former in x and */, the latter in x, y, and %. 

2. Preliminary Definition of Determinants.— Let ns 

consider Ji^ letters or elements, which we may arrange in a 
square of n horizontal lines or roivs, and n vertical lines or 
columns, 



thus 



h . . . k. 



and form with these a function which shall he homogeneous 
and of the ti"' degree, when all the elements are con- 
sidered; and homogeneous and of the first degree, when the 
elements of one vow, or of one column, only are considered. 
One term of this function, which we may call the lead- 

iv^ term,, will he A a^ \ e^ k^^ i.e., the product of 

the elements of the dexter diagonal of the square with any 
co-efficient A prefixed. All other possible terms mil obvi- 
ously be obtained by permutating the suffixes 1, 2, 3, n, 

in every possible way, and prefixing arbitrary co-efficients. 
The function will contain n! terms, and can contain no 
more. It should be observed that m .' is always an even 
number, when n is not less than 2. 
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4 UBNEEAL PROPERTIES OF DETEBMINAMTS. 

So far the co-effleienta are arbitrary. If we impose tho 
condition that the function be symmetrical with respect to 
rows and columns, i.e., be unaltered, when the elements of 
any two rows or two columns are interchanged, a little con- 
sideration will convince the student that all the co-efftcients 
must be equal ; hence, if we add the farther condition, that 
the co-efiicieiit of the leading term shall be + 1, the func- 
tion will be completely determined. 

The above has been taken as a simple case ; in point of 
tact the determining conditions, in the case of the functions 
which form the subject of this treatise, are, that the func- 
tion shall be changed in sign when two rows or two 
columns are interchanged, and that the co-efficient of the 
leading term shall be + 1, Such a function is called a 
determinant. 

That the conditions of the definition do determine the 
function completely, may be easily shown in the particular 
case where )i = 2. 



finition ; and 

\h hi" "Ih M 

i.e., Aa-fi^__ + Sa^Ji-i = - Aa^\ - Ba-J?-2 

by the second part. 
This gives 

{A 4- £){fHh^ + a^h^ = 0, 
i.e., A + B={), 

since a^b^, aj}^ are subject to no ^particular relation 
Also A= + I. 

Hence J5= - 1 ; 

and therefore L ^ ,^ = a-^h^ - ajj^. 
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GENERAL PROPERTIES OF DETEEMINANTS, 5 

The proof might be easily generalised, but wo prefer 
DOW to give the ordinary definition of a determinant, and to 
show that it specifies such a function as we have been de- 
scribing. Considerations of the kind we have indicated 
show that it is the only rational, integral, algebraic, 
function, which does satisfy these conditions, 

3. Formal and. Ordinary Definition of Determinants. — 
A determinant is a rational integral function of n^ letters 
or elements, which we onay a/rrange in « square as 



a„ 5,1 .. . K; 

the first m' leadvng term is the product of the elements in 
the dexter diagonal with the sign + affi.xed, vis., 

+ aJj^Cg ^n, and the others are derived from it hy 

perrrmting the sv,£ixes 1, 2, Sj...w, in every possible 
wa/y, the signs + or - being prefixed accordi/ng as the 
permutation is derived from the original, 1, 2, S,...n, by 
an even or by an odd number of derangeiTients of the 
suffices. 

By a derangement is meant the placing of any smaller 

number after a greater, for example, a^-f^l^ h,^ is 

derived from the leading term by placing 1 after 2, i.e., by 

one derangement; a^b^^d^ A„ by first placing 1 

after 2, and then 1 after 3, i.e., by two derangements; the 
first of these terms would therefore have the sign - pre- 
fixed, the second the sign + , accordir^ to the definition. 
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GENERAL PEOPEETIES OF DETERMINANTS. 

The determinant thus defined la denoted by enclosing the 
square array between two vertical lines, 
O] &i ... 



or more briefly by 



S +aA K- 



4. Other Notations. — Although the single suffix nota- 
tionj which we have adopted, is best suited for an elementary 
treatise, we may notice in passing some of the other nota- 
tions in use. 

Sotae writers employ only one symbol, and affix to it two 
suffixes, the first to indicate the row, and the second the 
column, in which the symbol occurs. 

In this notation a determinant of the n"' order would be 



Several varieties of the double suffix notation are in use ; 
for example—- 
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GENERAL PROPERTIES OF DETEEMINANTS. 



We may also omit the «'a altogether, in which case the 
determinant would be represented thus — 
(1.1) (1.2) . . . (l.«) 
(2.1) (2.2) . . . (2.» 



(».:) (».2) . . . (».«) 

5. Expansion of Determinants tiy direct application of 
the Deflmtion. — We will now apply our formal definition, 
as given in article 3, to find the value of determinants of 
the third and fourth orders. 

Let ns consider first the determinant of the third order. 



1% h ''si 
Here the leading term is + a-Jy^e^. If we now inter- 
change the sufiixes 1, 2, 3, two at a time, we obtain the 
five terms; ff^SgC^ (t^hiC^, (^i^fy' a^^i'i, and ag&j'^i- ^^ V^^' 
fix the sign 4- to the first two, and the sign - to the re- 
maining three, since the former have been derived from the 
original permutation 1 2 3 by an even, and the latter by an 
odd number of derangements of the suiBxes. 



nee 


a. 


1 H 


_ -i- ctiVs + "^b'^i + <^1^ 




ffg (-a "a 
H \ '^t 


- dfi^ - aAh - <^Ah- 


In a similar manner we have 


+ aii^d^ - Oa^icA - "1^2'^* + «A<^A 


«! \ Ci d. 


\ ajf^Cjd^ - ag}^e^d^ - a^^^d^ + a^-^c^d^ 


ch h <'2 ^2 


_ + a^f^]^ - aj)jc^3 ' thi^e^ds + a.l^d^ 


ch \ H da 


+ a^\c^d^ - Vi^A - <h>4PA + ^AcA 


0.4 64 C4 d^ 


+ a^h^Cid^ - VgCi'^a " <hhh^i + %^/4<^i 






4 


a4>^e^ ~ a-J>^^ - a A" A + di^^A 
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8 GENERAL PROPERTIES OF DETERMINANTS. 

6. From the definition, and the examples given, it will be 
seen that each term of a determinant contains n elemcntB — 
one and only one from each row, one and only one from 
each column. It is therefore homogeneous and of the n'" 
degree, when all the letters are considered, and homogeneous 
!ind of the first degree, when the elements of any one 
row or of any one column are considered. 



7, We can also show that the determvnant is changed in 
sign, when two of its rows or two of its colwnins are inter- 
changed. 

As a particular case, consider the determinant 

«i «! h <h 

«2 Cg 1>2 il^ 

1*3 Cg &3 ds 

a, c, h^ d^ , 

which results from interchanging the second and third 
columns of 

«i ^1 <i\ fh\ 

% &2 H ^i\. 

1X3 \ Cj dA 
a^ i^ c^ d^ I 

Let A denote the former determinant aad A' the latter. 
The leading term in A is a^c^h^d^, i.e., a-^^c.^^, which can 
be derived from a-fi^gd^ the leading term of A' by inter- 
changing the two suffixes 2 and 3, and thus the leadlog 
terms in the two determinants arc equal in magnitude, but 
have opposite signs. In a similar manner it could he 
shown that every term in A, occurs in A', but with an 
opposite sign. 

Hence A = - A'. 
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GENEEAL PROPERTIES OF DETERMINANTS, 



The proof for this particular > 
general. 



applies equally in 



8. It appears, therefore, from Articles 6 and 7, that the 
function, specified by our formal definition, possesses the 
properties indicated in the preliminary definition. 

9. Theorem. — A determinant remmns unaltered when 
its rows are changed into corresponding colv,mns, and vice 



a^ h^ c^ d^ 
«3 ^3 % '^ 



Cj Cg % c^ 
(i, d.2 dg d^ 



Then A = A'. 

For, in the first place, both determinants have the same 
elements and therefore the same terms ; and in the second 
place, the leading term is the same in both, and hence to 
every term in A corresponds one in A' of the same magni- 
tude and having the same sign. 

Hence any theorem that is established concerning the 
rows of a determinant holds also in the case of the columns, 
and OTce verm. 

10. Expansion of a Determinant according to the Ele- 
ments of a Single Row or Column.— From the definition 
we have 



fig &3 %! 

= ftl.dl^-aa^2^-ffl3^s, 
■where A^^ h^ - Va. -^a = ^a^i "" ^I'^S' -^s = ^i^z - \h- 
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GENERAL PROPERTIES OF DETERMINANTS. 

Similarly 

CL, K c, iL , , , . 

Og ilg Cj ((3 

«4 ^4 Ci ^i 

and in general, since the determinant is homogeneous, and 
of the first degree with respect to a^, a^, aj, ..,a„, it is 
evident that 



a„ \ 






= a.A, + a.,A.+ . 



■ + «„^„. 



K ■ • ■ K\ 

where ^j, A^, A^ do not contain any a'a, and are 

homogeneous functions of the {n - l)"' degree. 

We shall now proceed to prove some additional general 
theorems in determinants. 

11. Theorem. — If all the elements of a row or column 
he = 0, then the determinant is = 0. 

For A =a^ A-i + a^ A^+ + «„ ^„= 0, 

since «j, a^, a^ are each = 0. 

12. Theorem,— 7/ (wo rofivs or two columns be identical, 
the determinant vanishes. 

For, interchanging the two rows or columns that are 
identical, we have— 

A = - A (Art. 7), 
or A + A = 0, 
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GENERAL PEOPEETIKS OF DETERMNANTS, 1 1 

Corollary I. — If we interchange p pairs of rows, then 

A' = (-1)''A (Art. 7.) 

Similarly if we interchange q pairs of columns 

A'.(-1)'A. 

Hence, i£ we interchange p pairs of rows, and q pairs of 
columns simultaneously, then 

Let J) + g" = m, therefore A' = (-1)'"A. Thus A and 
A' have the same or opposite signs, according as m is even 
or odd. 

For example, let p = 1, g = 1, then m is even, and hence, 
if we interchange any two rows and then any two columns, 
the resulting determinant has the same value as the original 



Corollary n. — A. cyclical interchange of m consecutive 
rows or of m, consecutive columns, i.e., an interchange in 
which each row or column is replaced by the one that 
follows it, and the first by the last, is equivalent to in — 1 
interchanges of pairs of rows or of columns. 

Hence A' = ( - l)"-^ A (Cor. I.). 

If we make a cyclical interchange of all the rows or 
columns in a determinant of the m"* order, then 

A'-(-l)--'A. 

Thus A and A' bave the same or opposite signs accord- 
ing as re is odd or even. 
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GENERAL PROPERTIES OF DETERMINANTS. 



Examples. 

0-) 



(2.) 



(4.) 



a^ hi Gi d^ 

Ig Oj Cj ffij 

;j (ij (Zj &;[ 

Cg «j rfg 62 

d^ \ 

c^ fflj (?i ii 

Cl «* <^* ^4 

C, ttj (?s 63 

«3 '' 



= (-!)« 



= (-1)^ 



= (-1)^ 



= (-1)3 



a, S, c, d, 
«! 4, c, d, ^ 


«3 ^s -^ '(^ ' 
0, S, c, <i, 


«, t, e, rf, 
«! t, tj ci, 

0, 6, cj li. 




«3 63 C3 *?3 


», i, c, iJ. 


11, S, «, li, 


Og 6s % <^3 
<i, 4, c, li, 



etj 64 Cj (^4 

% &, c-i d-i 
(5.) 1 2 81 (6.) ]«i &, cJ 

4, 5 6=0. Ua 63 cJ = 0. 

1 2 31 |«i i*! fill 

In ex. 1 WG interchange two pairs of rows, in ex. 2 three 
pairs of columns, in ex. 3 two pairs of rows and three pairs 
of columns, in ex. 4 we make a cyclical interchange of 
four rows, and in examples 5 and 6 there are two rows 
identical. 

13. Theorem. — If all the eUmeiiis of a row or column 
be TiiultipUed by the saw.e factor, the detarmA/nant is mtdti- 
pUed hy that factor. 



a--, h 






"n K ■ ■ 



pC'n \ 
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GENERAL PROPERTIES OF DETERMINAN'ra. 



then A'— i^A. 

For A' =pa,i ^i +pcti ^i+ +i'«'» ^11 

= p(cci A-i + a^A^^ +(e,j A„) 

= pA. 

Corollary I. 



o,-fy 6, 1^ 


1 «1 *! «! 


ci,+p i, e. 


. - o, t, c. 


ttg-f^ &3 C. 


r a, I, c. 



Corollary n. 



ps'-a^ qz'l). 



. zt\ 



Corollary m. — When the elements of two ', 
columns differ by a constant factor the determinant 
varvishes. 
Thus 



pai a^ . . . k-^ 
pa^ ci^ . . . k^ 



= ^x = (1 
(Alt 12.) 



Numerical example 

4 1 51 11 1 5 

8 2 6=4226 

12 3 7 3 3 7 



Corollary TV.— -If the sign of every element in a roiv or 
a mVwfMh he changed the sign of the detei-minoAit is 
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1 4 GENERAL PEOPEETIES OF DETEEMINANTS. 

For this is equivalent to multiplying every element in 
the row or column by - 1, and thus A ={- ^) A= -A 
(Art. 13.) 

Example 







-%&, c,| -a, -&iC,| \-a 

- % h %l - % - ^2 ^sl ! - '^ 


14. — Examples. — 


(1.) 


4 
6 


3 8 112'; 

12. 2x3x1 2 2 31-21x0 

9 10 3 3 1 



(2) 



pa^ p\ + $^2 j>c^ + 2^2 + rcj 
^«3 j)6g + qbg j}c^ + gc^ + Tc^ 



= U«a (p + g)&2 (2) + 3 + r>J =^(j3 + 5) (jj + g + r) cf^ h H 



(3.) A = 



6c 1 «i \\ a o?-\ 

ca 1 5 = 1 6 ?(^, 
a?i 1 c 1 1 e c^ 



For multiplying the first row by a, the second by 6, and 
the third by c, we obtain 



aficA = 



«6e ff a^ 1 1 1 a a^ I 

ale & J^ = ahc 1 & ?i^ . 

a&c c (^ 1 c cH 



whence the result follows on dividing each side by «&c. 
(4,)U e «s =«Ma CB =«.2xO = 0. 
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(5-) 



1 Jc ffi «^ 1 1 1 a^ ffi^ I 
m h S' - 1 S* f\. 
Us A \l e' A 



led a a^ fl* 




cda h ¥ h^ 




dab c c^ c'' 




fibc d d^ d' 





(7.) 



d a™*'" 



1 a^ a^ a* 

1 6^ ¥ ¥ 

1 i? (? c* 

I d"" d^ d^ 

\x^ayy i^ + a?y + «% I 

I 3^ SEC S^ + 2^ + 3^ ] 



16. Theorem,— 4 determinant of am,y order whatever 
can ahvays he reduced to a/twtker of the same order ■m 
which the elements of any ro'w or any column are unity. 



Let A 



K 



Now multiply each element in the first column by b-^r^, 
each element in the second by CjCt^^, and each element in the 
third by a^^, and we obtain 

tti^iCi SiCi«i Ciffi,&J j 1 1 11 

fflj&jCj b^fli e^J>j_ = ^A"! i ^a^i^i b^c^a^ cdi^i 1. 
a^iCi b^D-fli CgOj&i I I «3&iCi &3(!i«i .f^y^i^i 

Hence a^W^A = a^b^CiA', 

Determinants of any order may be treated in a similar 
manner. 

This theorem, which ia of great importance in the reduc- 
tion of certain determinants, is due to Dostor. 
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As an example, let 

13 4 6 
A= 2 8 SJ. 
\q 7 91 

The least common multiple of 3, 4, and 6 is 12. Hence 
multiply the first column by 4, the second by 3, and the 
third by 2, and we obtain 



12 12 12 

X 2 A - 8 24 16 

21 21 18 


1 1 

= 12 8 24 
21 21 


1 
16 , 
18 


111 

QceA =1 8 24 16 
24 21 18 


1 1 
-4x3 1 3 

8 7 


1 

2 , 
6 



The same method was applied in example 3, Art, 14. 

Corollary, — If the JivBt elem&nt i/n the leading diagonal 
be zero, the determinant can be reduced to one in which all 
the elements m the first row and first eolumn, except the 
first dement, a/re equal to unity. 

[0 \ cJ 
Let A = «2 h "a ■ 

then 

10 Vi Vil i<* 1 

\c-i A = Ua h<^i h<'z\ = Vi Ua Vi 

I tig 63C1 ijCgj |a.j ftgCi 

|o 1 1 1 

hence A = «■« hh ^I'^a ■ 
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Again a^n^ A = ^#3 \'^i'H ^■hH'^h\ — '^#3 ■ 1 \'^\C'-i \H'^'z\- 
l«#3 h^i^h &i«3»i| il &3«A \h^h\ 

]0 1 II 

aad heucc A = 1 ^h'h \H^h '■ 



Examples. - 



(1-) 



(2.) 



ffi 


6 


t 







1 


1 


1 





c 


6 


I 





c^ 


b'\ 


6 e 





a 


"jl 


e' 





"'1 


8 6 


M 





ll 


V- 


(1? 


o| 


<!• 


63 


Gy 







1 


1 


1 


0. 


«r 


V 




1 





cV 


¥g' 


63 (!7 





0,a 


^ 


1 


cV 





aV 


t, 6,8 


!.» 







1 


6>(3' 


«v 






IS. Theorem. — // eac/i 0/ ffte eUrnents of one row or of 
one colwmn he resolvable ■vnio m elements, then the given 
determinant can he exhibited as the algebraic swrn of m 
determiaants. 

Let A = Si + 3a h '^X 

then A =(«i + «2)-4i + (/3i + 5j)^2+(7i + 7a)^3(Art. 10) 
= (a^A^ 4- Si^2 + y^As) 

+ {wj^i + B.^2 + 72^3) 

= ft h.^ cA + LSj ij cA. 
\ri h h\ 172 h H\ 
Thus the given determinsmt has been resolved into the 
6um of two determinants, whose first columns are a^, $1, y^, 
and Bu, ^a 72 respectively. 
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General Demonstration. 



Let A => 



% = «!+ "2+ ... 4-c„„ 
where «2 = /3i + /S^ + ... + /3„„ 



. h ■ ■ ■ K 
then A =(«i + a3+ ... ^a^A^^ (iSj + /Sg + +/3™)A 

+ + (1-1 + "2+ + vj^„. 

Multiplying out and collecting, ■wo obtain 

A = (cii -4i + ^1 ^2 + +'iA,,) 

■h(a^A^ + l3^A^+ +»2 A) 



+ K -4i + |5™ ^2 + + v^ A), 

= A'+ A" +&0 

Hence the given determinant has been resolved into r 
determinauts, whosefirst columns are respectively 

-^1,^1, "1, 



Corollary I. — The proposition evidently holds when any 
of the elements are negative, since we have considered the 
expression sum in the algebraic sense. 

Thus 



171 ^ k 



|3l "2 k 
7i % \ 



' /Sg «2 i% I 
- 72 '^ ^3 'i 
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19 



Corollary II. — Jf the elements in the first column caa 
be resolved into the sum of m elements, the elements in the 
second column into the sum of n elements, and so on, tlion 

the determinant can be resolved into mxmx 

determinants. 
For example— 

hi + ^^a 7i + 72| 
I /3i + Sa ^1 + S J 
cim be resolved into the four determinants 



17. By means of this proposition we can aometimca 
simplify certain determinants by reducing them to others 
of equivalent value, but with smaller elements. 
Thus wo have 

2 S 
2 1 



3e 14 


2 


S 




22 + 14 14 


21 18 


2 






3 + IS IS 


18 16 


1 






2 + 16 16 


12 8 









4. + 8 8 


22 14 


2 


8 


14 14 2 3 


3 15 


2 






18 18 2 1 


2 16 


1 




+ 


16 16 1 2 


4 8 


6 






8 8 1 


22 14 


2 






3 18 


2 









since the second of these two determinants vanishes liy 
Art. 12. 
Similarly 



5 


4 3 6 




3 

2 


15 4 

1 18 2 


= 6 


5 


3 6 6 
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20 GENERAL PROPERTIES OF DETERMINANTS. 

18. Theorem. — The sum of m determinants, which 
differ onl/y by one row or one column, can be e 



This is merely the converse of the preceding theorem, 
and can be proved at oucb by reversing step by step the 
proof there given. We leave this to the student. 

For example 



Jj 0, + 
5, c. 








s, ,, 

+ &2 f^ 

05, is «. 


Oi+O +0 

+02+0 

+ + «, 


'1 


^ 
«> 


«i *i 1 
a, b, e, . 
a, S, t. 



19. Theorem. — If ike ehments of one row or colwrrin be 
respectively equal to the sum of the. corresponding elements 
of other rows or columns rmiltiplied respectively by con- 
stamt factors, the determinant vanishes, 
«i &i . . . ^1 

"1 = pK + gc^ + ... +zk-^ 
... +sfc,,' 



Let A ■■ 



p\ h 



where a.^ =^6^ + 5'^2 + 
^1 I'^i h 



. 5,. ■ ■ ■ h) 



sk^ h.2 . . . k, 



■ + ^^S.' 
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But each of these determinants vanishes by Art. 13, 
Cor. 3, and therefore A = 0. 



Kxample— 



10 


4 


1 


14 


3 


4I 


14 


2 


6 



|2x4 + 2xl 4 

= 2x3 + 2x4, 3 

2x2+2x5 2 



20. Theorem, — A determmant remoMis unaltered, wlien 
vje add to the elements of am/ row or column the corre- 
sponding elements of any of ike other rows or columns 
multiplied respectively by constant factors. 



«! + pli + qc^+ . 
«2 + ^62 + gcg + . 



f sfc. 



n + PK + l^n + ■ 



a^ hi Oi 
<h h "i 



^ll IPh + + ^1 

kJ \pi'2~^ + s/c2 



. k,\ 






but the second of these determinants vanishes by Axt. 19, 
&i . . . Ai 



<^2 ■ 



and therefore A 
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Corollary I. — This process once performed may ha 
repeated on the new determ-inant, thereby obtained, and so 
on any number of times ; or the determinant obtained as 
the result of all these operations may be written down at 

for example 

■i + ii + Ci hj^ + Ci cA 
.2 + h^ + Cg b^ + Pa Cg 
«3 + Sj + O3 &s + C3 "^1 

may be obtained as the result of two such steps. 
Similarly 

I moj 4- pbi + qci n\ + Ic^ rc^ I k^i ^1 <a I 

riia^ + p\ + gc^ n\ + lc^ ycA = ?)i x w x r w^ h^ Cj 
[ ina^ + f\ + qc^ n\-^lcn Tc^\ \ ffg &3 e^ \ 

The student must, however, beware of error in writing 
down the result of several steps, without going through the 
intermediate work. 

Thus 



% 


W 


e, < 


fflg 


». 


Cu - ( 


H 


»s 


c, < 



ffii &t Ci a^ + h^ 


h + «i 


«2 i>2 Ci is not equal to a-^ + h^ 


h^ + ^h 


.H \ H c^s + h 


b^ + Og 



For the latter determinant vanishes since two of its 
columns are identical, but the former does not necessarily 
vanish. 

In point of fact, the second determinant would not be 
derived from the first by any combination of single steps 
such as the rule indicates. 

Corollary II. — Since we can add any multiple of any 
row or column to any other, it follows that we can also sub- 
iract any multiple of any row or column from any other, 
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without altering the value of the determinant. This 

transformation occurs very often in the reduction of de- 
terminants. 



21. Examples — 



(10 



4 5 6 7[ 
17 18 27 281 



29 30 48 50 



17 18- 

21 22 - 



17 27 28- 
21 31 83- 
29 48 50- 



4 1 6 1 




17 1 27 1 




21 1 31 2 




29 1 18 2 





11 -i 1-1 27- 
21-4 1-1 31 - 
29-4 1-1 48- 



4 1 6 1 




13 21 




17 25 1 


— 


25 12 1 





14 6 1 




14 2 1 




13 21 




13 6 




17 25 1 


— 


17 9 1 


- 


25 12 1 




25 8 1 





2 1 

3 5 

-19 1' 

9 8 1 



2-10 



30 10 51 13 

24 37 16 11 

(3.) 11 i: !/ + z| 

A=l y s + ic=0. 



For adding the second eolumn to the third we get 



A- 
(1.) 



1 xx+y+a 
1 y x + y -i-3 



11 a, 1 
. (s + y + 2) 1 !/ 1 - (a: + 1/ + 2) X - 0. 

1 .1 



X y\ = (x + y + s)\z x y\. 
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(6.) 


y f yr. + y 

z z^ ^^ay 




xyi 


1 
1 
1 


X y-i-z 
y z + x . 
z x + y 


ray 


(«■) 


X x + x^ x^ + xy + xz 

y y + v' f + yz + yx 


= 




(!■) 


1 0" 

A - t 6* 

1 I? 




= ({!h^ 


1 

St + e«) 1 

: 





;;/2 X () = 0. 



For A =U & 6^, (Ex. 5, Art. 14.) 

+ ac a aA 
ic +l>a h &^ =0 (Ex. 5.) 
ca +cb c c^\ 

ab + ac a a^\ 

he +ha h b^\ 

ca + cb c c^\ 



■-\ah + he + ea i 
\ah + hc + ca c 



(Avfc. 18.) 



l + he + ca)\l i l^\ 



(«■) 



) 


cile + al)d + acd a o? a* 






hd + hda+bat i i' J' _^ 
cda + caj) + dd c c^ <^ 






dal + dlc + dca d d? d? 


.) 


\ s} ((3 ^4j 


1 « «■ o" 




\ '.' J *'. -(«!« + o6ii + «rf + M 


1 h V }f 
1 c (? c' 




1 (i^ # li' 


1 d (F J 


ee 


Sx. 8, and also Ex. 6, Art. 14.) 
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- Sa- 86- 3c -Sa 



a + b- 
a + c - 
h+c- 



-h -e 



1+ b + 
-1+ h + 
%+ h + 



{ll.)\m + n-y + z -y + z-l -p+z-l I 

\ - z +x-m n + l -s + x -s+a;-m=0. 
I -x.+ y - n -x + y -n I + m - x -^ y\ 



(12). 



Ik- all -a- 



; ca -he - a -I 

i + c + 2a + ab ~ 

be- ai - a - t 



ah-ca-b-c =0. 
% -h c + 2b - ai> -h hc\ 



22. Theorem. — If in any de^errnmant v:hich is a 
fundio'n, of x, n rows or n columns become identical when 
x = a, then the determinant is divisible hy (x - ay'~\ 

As a particular case let 



Subtracting the last row from the first and second we 
obtain 

\x-a a-a a-x\ ]l - ll 

A^\a-a x-a a-x\ = {x-af\o 1 -1. 



To take a more general case let 

IPiC^) ■4'i('^) XiWl 

A= Ma^) -^dp) Xl^)\ 

|p3(ic) -^^{x) yJ?^)] 

and let its three columns become identical when x = a. 

By subtracting the last column from the first and second 
columns we have 

P.W-X.(a=) U')-X,lf) X.Wl 
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NoTV when x = a,, each of the expressions p^(a) - x-\if*)> 
f4fi) - Xiif)j and p3(a) - xs(«) is equal to aero, since the 
three original columns of A are identical when x = a, and 
hence tp^{x] - ^-Sp), 'p^{x) - X2(p), and ^^(ai) - xs{^) arc each 
divisible by a; - a. (See Kelland's Algebra, Art. 51). It 
can be shown in a similar manner that ■4'i(^) ~ %iC^)j 
-4's(i») - x^i^)' ^^^ ■4'a(^) - ZsC^) ^0 ^^'^^ divisible hy x - a. 
Therefore the given determinant is divisible by (x - of. 



Corollary.— The theorem still holds if the rows 
columns are only proportional, when ic = it. 
For example we have 



\2>x gx ra 
\px qa rx 

[fa, qx rx 



11 - ll 
=p^qxT(re-af\l -1 . 



23. ExampleE 

0-) 



= (x 4 2a) (x - a)\ 



For adding the second and third rows to the first we have 



; + 2ffl x+2a x+^ 



1 1 11 
= (a;+ 2a) \a x n . 



Therefore x+2a is a factor of the determinant. Also 
we have already seen that (x - df is another factor. Hence 
^ = P (a; + 2ffl) {x - of, where P does not contain x or a, 
since A and (x + 2a) (x - ay aro of the .same degree. 
Again the eo-efficient of a;^ in A is unity, therefore P= 1 
and A = (a' + 2a) {x - ay. 
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Hence generally 



(2.) 



C3.) 



(4.) 



X 


1 


1 


1 


1 


X 


1 


1 


1 


1 


X 


1 


1 


1 


1 


X 



V" 



(n rows) 
.{x+(n~l)a]{x-a'\'' 



.(x+S)ix~lf. 



.{a-t){t~c)(e-a). 



For if we put a = b we get two columns identical, 
therefore a-b is a factor of A- Similarly fur b - c, 

Thus /\ = P{a-1}) {b - c) {c - a), where F cannot con- 
tain any literal factors, since (ii -b) (b -■ c) {e - a) and A 
are both of the same degree. 

By equating the co-efHcients of bc^ on the two sides we 
have 

-P= +1, 



and hence 
(5.) 



A = (a " S) (& - c) (fi - a). 



Prove that A = 



F S f\, where 






F P S\ 
is a complete square, and find its value. 

We have as in example (1) A = {S - Ff (S+ 2F) 
^(x^ + y^ + ^ -xn ~ya~ exf{a? + 2/^ + s^ + 2xy + tyz + twi) 
= (a^ + y^ + 2^ - icy - J/s - zxf {x + y + zf 
= \(3? + y^-J-z^-!^ ~ys- sx){x + y + z)\ 
= {^ + y^ -i- z^ - ^xijzf. 
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(6.) In a similar manner it can be shown tliat 

xS+(^ + s)P yS+{s + x)P zS+{x + y)P 
fS+(z + x)P zS+{x + y)P xS+(j/ + z)P 
sS + {x + y)P xS+(7/ + J)P yS+{s-i-x)P 
[a? + ^ + ^ ~ Zxyzf, 



where 5" and P have the t 
example. 



1 in the 
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CHAPTER II. 

MINORS AND THE REDUCTION OF DETERMINANTS. 

24, Detenuinant Minors.- — If, in any determinant, we 
omit any number of rows and tlie same number of columns, 
we can form a new determinant with the elemente of the 
remaining rows and columns. Such a determinant is called 
a minor of the original determinant. 

The minor formed by omitting one row and one column 
is called a tirst minor ; that formed by omitting two rows 
and two columns a second minor ; and, generally, that 
formed by omitting r rows and r columns an r"" minor. 

If the original determinant he of the n'" order, it is 
evident that a first minor is a determinant of the (n ~ 1 )'* 
order, a second minor a determinant of the (n - 2)"' order, 
and an r"' minor a determinant of the {n - r)"' order. 



\ Ca d, 
h 'k <^3 

h "4 d^ 



then &g Cg dg ', 



are examples of first minors each of the (4 - 1)"', i.e., third 
order. 

In the first we omit the first row and first column, in the 
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second the second row and second coUimn, and in the third 
the second row and first column. 
Similarly 



are examples of second mioora, ea«h of the second, i.e., 
(4 - a)"" order. 

In the first we omit the first and second rows and the 
first and second columns ; in the second the first and fourth 
rows and the first and fourth columns ; and in the third 
the first and second rows and the third and fourth 
columns, 

25. Number of Minors. — In a determinant of the n"' 

order, there are in all ■n? first minors. For we can select 

one row from n rows in n different ways, and one column 

from m columns in n difi'eront ways, and hence we can omit 

one row and one column in n x n = n^ different ways, 

TiHn - 1)^ , . ^ 

Again, there are second minors. For we can 

omit two rows from n rows in — — different ways, and 

two columns from n columns in different ways, and 



= — — ~ -different ways. 

... (n - 
1^.22.3^ . . . 'A 
/* minors in a determinant of the »"' order. 
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26. Complementary Minors.- — In the determmant of the 
fourth order considered above, we have seen that 



is one of Ha second minors. If wo now talte the two rows 
and two columns omitted in forming this minor, and take 
the elements common to them, we can form with these 
elements a new determinant, which is called the comple- 
mentary minor of the original minor ; 



for example 



5 the complementary ii 



rof 



In the determinant of the fourth order already referred 



to, the following a 
minors :— 



) additional c 



BiplM 



I complementary 



''■ 


'1 


d. 


h 


H 


'h 


h 




< 


<h 


K 


«i 


aj 


\ 


fig 


'h 


h 


5. 



27. Reduction of Determinants. — We have already seen 
that we have, from the definition, the relation 

A = «i-^i + «2^8 + . . - . + «f,-^n- 

We will now show that the factors A-^, A^, . . . A„ are 
merely the complementary minors of, ra,, a.^, . . . «„, with 
the proper signs attached. 
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First considev : .ii_'. 
We have (An. '/:) 



1,-i.iiajit of t!u'. second order. 



where h^ h- ivic Ihe -ji-^iiplemeotary iiii;ioi's of ffj a^ respec- 
tively. 

Next ^'oiii^iasr n determinant of the third order. By 
Art. 5 .■■■. J.-iV!! 

Ua *'^ %| "■■■■ "iCVs ~ Va) - (i^C^i^ - \S\) + '^sC'^ii'a - Vi)- 
l*^ ^-s ''si 



IS. 



= 62C3 - SjC^, &c., 



1^1 cij 



; -'l ^ % 

tbi^tiJiwe ; Oj &2 Cj 

wliure L^ . ,^ , and ,^ ^ 

|0g C3 i I Oj Cg 1 I 62 Cj I 

are the complementary minors of «[, o^, and a^ respectively. 

A similar method might he applied to a determinant of 
the fourth order, but we prefer to give the following proof, 
which is evidently quite general. 

We have 



(h K 



2,^Ai + a^A^ + a^Ag + a^A^. 



Now, since a^A-^^ is a function of the fourth degree, it 
follows that A^ is a homogeneous function of the third 
degree, when all the elements in A, 'except those in the 
first row and first column are considered ; and homogeneoua 
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and of the first degree, when the elements of o 
one column, in the arrangement 



3;^ 

J row, or of 



only a 



i considered. 

!e it is evident that 



will famish all the terras in 
and no more. 

Hence h^ c^ 
A- h % 
h «. 
Again 


A which have «i as a factor, 

i 




«■ 6, e, d^ 








», 4, c, d, 
IH h H d, 
«j 6, c, li. 


- - <i,^, ~ 


',A - ",A - M. (Art- 7) ; 


and hy reasoning as above we 


obtain 


A- - K H 


dJ. 
di\ 


Similarly it can he shown that 






J, Ci 
A,. \ c. 


dA 
4 1 
d,] 
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A moment's consideration will convince the student that 
the signs of the minors must be alternately + and - . 
Hence we have 





*i 


Cg d^ 


h '- 


, d. 


-0, b. 


c. d, 
', d. 






16. 


«, d, 
c, d, 
c, d. 




c, d, 
c, d. 





dAl 

d.\) 



di\ 



:^i 



'^al 



+ h 



On reducing each of these determinants of the second 
order, we obtain a result, which agre^ with that already 
found for the value of the same determinant, by applying 
the definition directly (Art. 5.) 

A similar method applies to determinants of the fifth and 
higher orders. 

We thus see that we can express any determinant of the 
w'* order, as a sum of terms, each of which is the product 
of one element, and of a determinant of the (n - 1)'* order ; 
the determinants of the (n - l)"" order may themselves be 
similarly treated ; and this process may be continued to any 
extent, until we finally reduce the given determinant to its 
constituent terms. 
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So 



28, Mnemonical Rule for reducing Determinants of 
the third order.- — An easy way of calculating the terms of 
a determinant of the third order is the following, due to 
Sarrus. Below the given determinaiit repeat the first and 
second rows in order, or along side of it the first and 



second columns 
arrangements : 



order, and wo obtain the following 



(Hj. 



■Cj, and (I 






Now take, in either arrangement, the six products of all 
the elements, which occur three and three diagonally (as 
indicated by the dotted lines in the arrangements), and 
affix + to those descending from left to right, and - 
to those ascending from left to right, and we obtain as 
before 

A = + ^iVb + '^2^3*-'i + «s^iC2 - "i^a^a - Ka^i^a - d^fnC-^- 

In practice we need only imagine the rows or columns 
repeated. 

For example we have 



2 3 



4 =1.3.5 + 2.4.3 + 3.2.4-3.3.3-2.2.5 - 1.4,4 
4 aU 15 + 24 + 24 - 27 - 20 - 16 = 0. 



29. Examples. — We now proceed to apply these results 
to the reduction of a number of determinants. 



(2.) 



-2.2-6-4-2. 



- 1.0 - 3.1 - 
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(3.) |„ + 6y^ -,. + dJ-V: 

-{(i + h J^l){a-l 7"TI) _(„ + ,; J^l)( - c + i J^Ti) 

- a' + S' + c' + iF. 

(4.) 



2 61-2 3 2 

3 4l Us 



.2| 2 



2 6] 



-4(8 -18) -6 (1 -16) + 8 ( 
- -40 + 66-32- -6. 



|1 511 
|2 61 f 

6-10) 



(5.) 


1 a 0? 






1 h ¥ 

1 C (^ 





(6.) X, 


Vi 1 


x^ 


» 1 


x^ 


S> 1 


(7.) a 


7 /S 


7 


e a = 


|3 


,. i 



^i(S2. - Vr) + '^'/Ss - y-d + «3(j/i - ^/a)- 



<i + 2a^7 - 



-i/^. 



The student of co-ordinate geometry should take special 
note of examples (6) and (7), as the former represents 
douhie the area of the triangle, the co-ordinates of whose 
vertices are {x^y^ (^2) (pwi)> ^^"1 the latter, when equated 
to zero, expresses the condition that the general equation of 
the second degree 

(o^ + 27X)/ 4- e-y^ + 2,Sa; + lay + c = d 
may represent two right lines. 
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y\=x^-Vy 



~xy -y% - ^„ 



(9.) w. ^ A I'M 

3 X J/ =(a; + T/ + s) 3 Ty 3/ (Ex. 4, Alt. 21.) 

= (iC + 2/ + 3)(a;^ + 3/^ + a' - a«/ - Jf3 - Sic) Ex. 8. 
= a^ + ^ + s^ - 3iKj/s. 
(See also Ess. 5 and 6, Art. 23.) 
(10.) a a 

c « = ft2& + ([5^ + fiS - 3a&c. 



J 4 



(11.) 
(12.) 
(13.) 
(14.) 



aj^ ttc^ 




ta« W 


-2 


ca^ c6^ 




2 S 6 2 




3 12 6 




4 8 12 




5 3 16 





2+5+6+2 5 6 2 

+4+2+6 4 2 

4+8+1+2 8 1 2 

5+3+1+6 3 1 6 



1 


5 6 


21 


1 


4 2 


6 


1 


8 1 


2 


1 


3 1 


6 



|1-1 5-3 6-1 2-6 
.1-1 4-3 2-1 6-6 
' 1-1 8-3 1-1 2-6 



iO 2 5 
.',0 1 1 
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5 


'*! 


2 5 


1 


Oj.60 


1 1 





-*l 


5 



1 




1 



(11 1| |2 "11 



= 00 1(0 -5) + {2- 5)} - -ISO. 
(16.) 



3 


1 


2 


3 


j4 





2 


1 


6 


4 


1 


2 


I' 


3 





1 



12 16 24 33 

20 25 35 45 

20 27 36 55 

28 38 51 78 



(IV.) 



(20.) 



b + Cyf - inba^ 



- at {ci? + ai + S"). 



(21-) 
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(22.) 






a 


a 


a 


6 





h 


I> 


c 


c 





c 


d 


d 


d 






(24.) 



~a I 
I -a 



-Sailed 



Additional examples will be found in Chap. IV. 



30. Theorem, — The sum, of the prodMCts obtained by 
multiplyvtig the elermtnts of any row or column by the 
correspondMig minors, with their proper sigtis, of ilie 
eleni,ents of amy other row or column, is equal to zero. 

We have already seen tliat 



1«3 ^8 



= aj^A^ + B^jlg + a^A.^, 



where Ai, A^, Ag are the complementary minors of a^, a.^, a^, 
with their proper signs attaehed. 

But if we substitute 6^ for a^, h^ for Ou, and 6j for Og, we 
obtain 



^1 *i 



= Ml + Ma + h^z- 
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Now this determinant vanishes, aince it has two columns 
identical, and hence 

Similarly Cj-4^ + Cg-dg + e^A^ = 0, &c 

31. Theorem. — // m a determinant of tlie n"" order all 
the elements, but one, vmvish i/n any row or column the 
determinant reduces to one of the (n - 1)'* order, multi- 
pHed hy the element whieh does not vanish. 

This and the following theorem follow at once from Art, 
7. We have 

A = «i-i4j + M2A2+ .... +ffl„^„-, 
but iT^, ftg, . . . . «„ all vanish, 

and therefore A = c^iA-^^, 

where A^ is a determinant with one row and one column 
less than A- 
For example 

1 1 a ^ 1 I I \ 

a-, b-,\=\ '' ^'-\ = a-fi^ ~ aJ},. 

\ r, 7 «9 'h\ 

a., L '^ ^1 



Conversely, any determinant can be expressed as a 
detemvinant of a higher order without altering its vcdue, 
by a suitable transformation. 

It is at once evident from the above that 



K ^-3 



1 <c 8 
«i 61 

a„ \ 



\l X ,j. , 

I a 

«! &i 

ffg b^ 

a a, b. 
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where a, j3, y, X, /j,, v, and p are any quantities whatever. 
This process can he carried on without limit. 

32. Theorem. — // all the elements on one side of the 
leading diagonal vanish, the det&nrdnant reduces to the 



K 



Similarly 



«1 


*1 


t, <i, 





h 


e, d. 








e, d. 








d. 



33. Expansion of a Determinant aa a sum of products 
of Complementary Minors. — We have seen that we can 
expand 



^1 -^il 



a, i. 



in terms of the elements of a single column. We will 
now show that we can expand the same determinant in 
terms of the determinant minors contained in any two 
columns. 

In the expansion of A already given (Art. 27), the fol- 



lowing two terms occur, a^ft^ 



d^ 



, and — fl-a^i 
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THE 










Combining these v 


,eget 
















W,~«A) J 


<i, 1 [ o, 

J.! k 


i. 


|x 


e. 


i] 






By combining 


11 pa 


IS in » similar 


way all 


the 


other 


terms of the expa 


sion. 


wp obtain 


















1*1 &i 


Ua 




+ 


«i h 
It, i, 


1" 






<«i| 


1 «! 'l L 


«i 
C3 


d. 


+ 


», s. 


H 





This result may be written thus 

A - (12) (31) - (18) (24) + (14) (28) 
+ (28) (14) -(24) (13) + (34) (12), 
where the numbers within the first pair of each set of 
brackets are abbreviations for the determinants whose ele- 
ments are a's and b's, while those within the second pair 
are corresponding abbreviations for the determinants whose 
elements are c's and f:^'s. 

Thus (12) (34.) =r' J'Ur® a where, 
Pa W ^4 '*4 1 

(12) precedes (34), while 

(3i)(12) = K ^Ul'' "S'l, where 

(12) follows (34). 



34. Again we have 



ffig &3 (i3 -(^3 I 

a4 fej % ^4 . 



= (1)(234.5) - (2)(1345) + (3)(12t5) 
-(4)(1235) + (5)(1234), 
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where (1) (2345) = 



Now expanding in a aimilar manner each of the deter- 
minants (2345), (1345), &c,, we obtain a sum of terms, 
each of which contains as a factor a determinant of the 
third order. If we combine these terms in pairs we get 

A = (123) (45) + (14-2)(35) + (134) (25) + (243) (15) 
+ (125) (34) + (315) (24) + (235) (14) +.(145) (23) 
+ (425) (13) + (345) (12), 

1 «i ^1 % 1 I rf .1 
where (123) (45) = U^ b^ '^AA/ M"'* 



Similarly 



«,■ 6, c, (i, 


«./. 


«3 \ Cg d^ 


%/. 


O, i, 6, li, 


^ /a 


«4 ij c^ ij 


«./. 


"I »j % ij 


«./. 


% S, .«, li, 


«./. 



- (123X156) + (124X536) + (125)(316) 
+ (126X3ol) + (134X256) + (13o)(26i) 
+ (136)(215) + (145X236) + (116X263) 
+ (156)(234) + (234X165) + (235)(146) 
+ (236)(161) + (246)(163) + (246)(135) 
+ (256)(113) + (345)(126) + (346)(152) 
+ (356)(124) + (456)(132), 



■where (123) (456) - 



«i h h i, 


, /. 


a, &2 ta X (Zg 


. /. 


»! i, 0, (i. 


• /. 



The preceding examples are particular cases of a more 
general theorem due to Laplace, for the statement and proof 
of which the student is referred to the larger treatises on 
Determinants. 
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35. 


Examples. — 




<!, 0,-1 


(!■) 


i, S, 0-1 
«, /3 




Its /3 




«. S. 




«. i, 


(2J 


% », 




o, i, »< 




». 6. % 





o, o, «, 
i> S, 6, 


«4 
»4 


f 


«, 
«, 


ft 



1 «, ft 



(3.) 

















1 










-1 




ft 


7i 




ft 


72 




ft 


73 





6, S, 6, I, i. 



Ci Cj Cj 
I 



ft -aI 



ft n 
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CHAPTER III. 

MULTIPLICATION OF DETEEMINANTS. 

36. Product of two Determinants of the Second Order. 

— Let us consider in the first place the product of tiie two 
determinants 

P= p ,H and ^= ^ 7- 

We will now prove that 



For A ■■ 



I o^cti OjOj I 1 6^3^ i^/Sg %»! Sj^a I , ^i^i %'*2 1 



But the first two o£ these four determinants vanish, and 



therefore A = 



I 'h ^1] 



l«i ^il W K\ 

1 "a '^a I 1 "'a ^a 1' 

37. Other Forms of the Product. — In the preceding 
article we have shown that 
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Similarly |«i ^i' 1% ft I 

j «2 &2 I I Kg ^21 

\a, ^il Ui ojl Ui«i + Vs "A + 5Aj(2.) 
! % ^2 1 1 ft f^a I 1 a^a^ + ^a^ ftj/S, + h^,^ | 

_\ay Hj I I ttj ft I _ I ai«i + i%3i Oi^a + 't A I (S-) 
1^1 ^al i«ii ^^nl^ai+^A ^i-^+Mal 

^Iffii a^l Ibi Bg I I ai«i + a-^Mg a^^j, + a^/Sg I (4.) 
Pi ^allft ft I iVi+Va Mi+^AI 

Hence 

TAe product of two determinants F and Q of the second 
order can be expressed as a determinant of the second order 
in four ways in general different 

We can in fact combine as above either: — 

1st. The elements of each row of Q with the correspond- 
ing elements of all the rows of P ; 

2nd. The elements of each row of Q with the correspond- 
ing elements of all the columns of F ; 

3rd. The elements of each column of Q with the corres- 
ponding elements of all the rows of P ; 

4th. The elements of each column of Q with the corres- 
ponding elements of all the columns of P. 

38. Second Demonstration, — The proposition in Art. 
36 may also be proved in the following manner : — 
We have seen (example 1, Art 35) that 



&i &2 - 1 1 
ax ft,| 
a, jsji 



= A. 



To the first column of A add a-, times the third + i^ 



y Google 



MULTIPLICATION OF DETERMINANTS. 4-7 

times the fourth, then to the second column add a^ times 
the third 4- 63 times the fourth, and we ohtain 



' 1 Ol 



(Art. 34.) 



But 







A 



■ j ay<t^ + 61/33 0^03 4- h^i \ ~ \ a^a,^ + 6301 "■iH + ^a^a |' 



which is the first form of the product given in Art. 37. 

The other three forms of the product may be obtained iu 
a similar mamier. We leave the detail as an exercise to 
the student. 



19. Product of Two Determinants of the Third Order. 

[(tj 6^ 



Let P = 



, and Q ■■ 



then 



■ «3 &1 

I a^Ki + i^^i + e^y-i OyK^ + \^^ + c-yy^ a^a.^, + h-^S^ + C173 
' X 6 = «3«i + \h + «27i "-a^a + Ms + ^372 aa^a + Ma + ^ars = A . 

I OgKi + ig^i + Cg/j Ogaj + ^3^2 + Iis72 a^a.^ + 6353 + CgJ-g | 

For if we expand A we obtain 27 determinants, all of 
which will be found on trial to vanish, except the following 



(^i»i 61^ a <V/i 




% »i «i 


(1.) «rt »A W. 


- "Ar. 


ffla &3 <^ 


H'h ^A «373 




«.»,«. 
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(2.) 


ttjai Ci72 Sl.Sg 

«j«i v/i V, 

ag^i Cjya its/S^ 


- ",r.e. 






«! Si «1 
= - «A?'2 1*3 h <^ 


Ci7i %K2 fti^g 

(3.) %,, «,«, hji. 


= 7i«A 


1^1 




la, 4, c. 


Wi Oa-i »A 




"^3 


»i ij 


«3 *! «3 


Ml «i«a Ci/g 

(*■) 'A "l«! Ws 

»A «.«! Wj 


= ft«2n 


»3 




0, Si C,l 
0, h ',\ 


(5.) 


Vi hn V, 

Vl 'ilt «!"S 

&A f^/a *^8'^s 


- ftj-rt 


6, 




», i, «, 

= afy^ ttg 6g Cg 



|ci7i *A 'h'^sl k ^1 »i 

6.) Ca7i *A ^2% =7A»gk h <h 

Wyi h^i «s"sl I'h h ^ 

Hence we have 



'^1^271 






A - {c^iilSm - i337a) + "aC^s/i - /^ly,) + «3(/3,73 - ,3,y0} 





»i s, », 




X a, 63 c, 

% ». «3 


«1 ft ?1 

«> S. r. 


«1 »1 «ll 
0, »! 83. 
«3 63 '^3 



The student should satisfy himself that all the other 21 
determinants vanish. 
For e 



«1«1 


Oi«. 


«1«B 


«1 


«1 


«1 


<V>1 


«!", 


«,«, -«ft», 


03 


0, 


a. 


<Vh 


<%-! 


agKg 


«, 


% 


II, 



Similarly for the others. 
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Here we have combioed the rows of P with the rows of 
Q. We can howevec combine, aa in the case of determinants 
of the second order, the rows of P with the columns of Q, 
the columns of P with the rows of Q, or the columns of P 
with the columns of Q ; and hence the product of two de- 
temwua/rbts of the third order can he expressed as a deter- 
Tmnant of the third order m four ways in general 



■We have (by example S, 



40. Second Demonstration.. - 

Art. 35) 



ttl 


<h 


a. 


'h 


/3i 


n 


h 


h 


X X 


«2 


/3, 


72 = 


h 


H 


^3 


Kj 


^ 


73 









1 








- 1 


ft 


7i 


ft 


7it 


e. 


y. 









If to the first column of A we add the tliree last columns, 
multiplied by «j., b^, c^ respectively, to the second column the 
three last multiplied by a^, \, Cj respectively, and to the 
third the last three multiplied by a^, 63, c^ respectively, we 
obtain 




















^ 


1 
























- 


1 



























«1»1 


+ *!? 


+ c,7 


0,.,+ 


M 


+ Wi 


1,.,+JA 


+ %7i 


«i 


ft 


ai«2 


+ tfi 


+ «ir 


o,«,+ 


»A 


+ %7! 


V! + V 


+ W! 


«2 


ft 


«1«3 


+ V 


+ Ci7j a^a^ + 


V 


+ «!78 


V, + S,3 


+ «!7. 


«3 


ft 




(J,a, 


+ V. 


+ «iri 


%«j 


+ 6A + 


c^y^ Og"! 


+ i.ft 


+ <i7 


1 


= - 


'H'H 


+ SA 


+ «i» 


Vi 


+ 4A + 


Wj "a"! 


+ SA 


+ w. 1 




V, 


+ V, 


1 "' 

<l 

1 '> 


V3 


-1 



+ 6263 + 

» 

(A 
- 1 


rt. 3*.)- 


+ SA 


+ <J7 


1 
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- 1 





01 











- 1 - 


- 1 









0- 1 






»I 


h 


l!l 


-1 


fj. 


7i 


0, 


h 




X «2 


i3. 


72 


<t. 


h 


■% 


«« 


(3, 


7s 



1 «l"8 + ^iJ^B + I^l73 «2«3 + ^si^g + C27b «sa3 + 63^3 + (^73 | 

41. Product of two Determinants of different orders. — 

If we have to multiply together two determinants of different 
orders, we first transform the one of less degree into a 
determinant of the same order as the other, and then 
apply the rule already given. 
Thus 



«i 



a 


1 ». H 


1 










ft 

i3s 


'fit 
'A 

'A 


Va + ''A 
6,«j + cA 

s,«i + 'A 









- rtg &3C6 



The proofe which we have given for the multiplication of 
determinants of the second and third orders evidently 
apply in general, hence we have the general proposition : — 

The ■prod/imt of two determirtants of the n"' and m,"' orders 
respeaUvdy {n not greater them m) is a determ/i/nant of the 
m"' order, which can he expressed in four ways i 
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42. We will now show how, by bordering the determin- 
ants in a way which does not alter their value, we can re- 
present their product as a determinant of any order from n 
to 2n inclusive. "We will prove this for the case when 
n=2. 



^i\ 



l«ii«i 



-Mi 



a determinant of the second order. 
Also 



%«2 -!- &i/3, 1 



a. determinant of the third order. 



ft 
ft 


«1 


6, 

t; X - 


o' 


1 




ffljai 


ai«2 . &i 


= 


- <»i«i 


a^'H \ > 




ft 


ft 



Again 



«, 4, 
0^ 62 
10 
1 




10 
10 
«, (3 
0, ft 


«i 61 ( 
"2 i, 
», (3 
«, /3 









a determinant of the fourth order. 

In a similar manner we can express the product of two 
determinants of the third order as a determinant of any 
order from the third to the sixth inclusive, and similarly for 
determinants of the n"^ order. 
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43, Since la, &,|^ 1 0,^ + 1-? »,a, 4- &,6J ,^ . 

, = , , o Yo . we obtam 

I % "21 I 'h'h + M2 ''a + V i 

that is 

the well known proposition in the theory of numbers : — 

Tfw prodv^et of two •mimbers each of whic^ is the sum of 
two squares can always he expressed as the swm of two 



44. Reciprocal Detenninants. — If from, any determin- 
ant A we form another A ', whose elements are the rtwnors 
correspofidi'ng to each element of A, then A' is called the 
reciprocal of A- 

ThusUi 5i Ci| l«i Si c^l 

\A2 Bs ^2 is the reciprocal of o^ i^ cJ, 

when rflj = - \, A2== L , &c. 

If we form the product of A and A' we obtain 

^, X A ' = a-iA^ + \B^ + c^G^ o^A^ + b^B^ + c^C^ a^A + h^2 + ^3^2 ■ 
1 «i^3 + \Bg + c^Cg a^As + \B^ + c^O^ 0^3 + h^B^ + C3C3 1 

But tti^i + Si^i + CiCi, a^^a + ^a^a + c^C^, und Bg^g + \B^ 
+ CgC^ are each equal to A (Art. 1 0), while a^A^ + \B^ + c^G.^, 
a.2_Ai + 62^1 + CgCj, &c., all vanish (Art. 30), and 



■ A^ 







A 





therefor 


e A X A'- 





A 









A 


hence 




A' 


- A'. 
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And in general A x A' = A"; *.e., A'= A"' 
Hence, the determvuant whose elements ewe tl 

corresponding to each elemient of a giv&ti determinant 

the {n - 1)'* power of that determinant. 



45. Theorem. — // A denote any determinant, then any 
minor of order m, of the reciprocal of A, is equal to the 
product of A^~^ a,iid the cwnplementary minor of the 
corresponding minor of A- 

First let 

A = f(2 ^2 



We have 



jl I 

i?3 cA 



\\Bs + eiG3 i^Bg + c^C^ iA + ^sfiil 





-a,A, A 


",A 




since ffli^i 
and «iA 


+ 6,B, + c,C, 


. A (Art 10) 
- 0, fc, (Art. 30). 


Now the last determinant may 


he written thus : 




A -Ma 
- c,,A, 


0- 
A - 


+ 

a^A^ 


. A 



a, 

+ seven 

A 


other 


determinants, eaeh 


of wliicli will be found on trial to vanish ; 
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and therefore , | -^'a CA . , 



Similarly . „ ™ , 
Again let 



We have as before 

«1 



1 














1 














». 


■0. 








B, 


-D. 












- \B^ - «.4^3 - \B^ 

- hB^ A - Ml - ^A 



If we now add to the elements of the thirdrow A^ times 
the elements of the first row + B^ times the elements of the 
second row, and to the fourth row A^ times the first + B^ 
times the second, we ohtaiu 
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1 c> aI 



- ri 



A 
|0 A 



"i'l X 1^ " I (krt 111 



|C4 B^y 



1% <■,' 



Similarly it may be shown that 

\ Cj d^ 

Og &2 Cg (fg 



if, 


0, 


A 




«. 


0, 


-B. 


-lIjX 


A 


c. 


■0. 





a. b, c, da 



h h 

We have proved the theorem for two particular cases. 
The method is, however, perfectly general. 

OoroUary. — If a determinant vanish, its minors A^, A^, 
&c., arc respectively proportional to B^, B^, &c. 
For example we have as atove 



but if A = *^> then 
and hence 



= HjA ; 



'aPg - B^C^ = 
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6 MULTIPLICATION OP DETERMINANTS. 

In general if a^ h^ . . . kj 
a^ i>2 . . . feg 



A, Si 


Pi 


A, B, 


0, 

a. 


A, B. 


B, 



46. Multiplication of Matrices, — The notation 



(where the number of columns is greater than the number 
of rows) is used to denote the three determinants 

1^1 h\ W %I „„;i K h\ 






, and 



\'-h 



The 



obtained hy omitting in turn each of the columns. 

system M i^ ^ is sometimes called a Matrix. 
\ "'i h H I 

Let us now consider two such systems 

M / ^ , and ^ 7 

11 a~i h "a II " "a ^2 72 11 

If we take the sum of the products of every possible 
determinant which can be formed out of the one system by 
the corresponding detenninanfc of the other system, we obtain 
as result 

U, ^i L 1 "1 '^1 L I ^i '^ I X 1 '^^ ''^ I + h^ '^^ I X I ''^ "^1 
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But the determinant 



I OiBi + ij/3i + Ci7i ct^an + \$^ + c^yj | 



A + C27i «2«2 + fia/Sg + C272 I 
(formed by combining each row of the system 

r^ J- 'M with all the rows of ^ / ^ ), 



■n "^ "ij \ 

il «2 \ % ' 



1^1 ^-l^. 



+ &C. 



\<h ^1 L I "i '^1 L I '^i "^1 L I '^1 '^^ I + h^ '^ I X i ''^ "^1 

I Oj &2 I I ttg /3 J I Jg Cj I I /Sj 72 I I Cj «2 1 I 72 aj" 

Thus the law for multiplication of ordinary determinants 
applies also to matrices. 

Corollary. — As a particular example, let a^ = a^, f3i = h^, 
y-i = c^, &c., and we obtain 

I Oi^ + V + %^ 'h"^ + h\ + ^i^a I ^ j ^i\ f . I h'^i f , I ^1% p 
I OiOj + ijta + CjC^ ^a^ + ^2^ + c^^ | | «a&2 1 j ^ac^ | \ c^a^ \' 

i.e. {a^ + &i^ + Cj^Cffia' + V + ^2^ = C«i&2 " «a^i)^ + («i'^ - '^'^O^ 
+ (61C2 - SjCi^ + (ttifta + 61&2 + c^e^f. 

Hence the product of two nwrnhers, each of which is the 
sum of three squares, can be expressed as the sum of four 
squa/res. 

Next let ffii = ^1 = Ci = 1, and a^ = a, \ = h, c^ = c, and we 
obtain 

ll + l+l a +1 +c 111 1|',|1 If.U If 
|a + 6 + c u^ + W-^c^\ \a h\^\l c\'^\c a\ 

U+S+ca=i + i^ + c^| ^ ' ^ ' ^ ' 

a result which is of importance in the Theory of Algebraic 
Equations. 
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Again, if we compound in a similar manner the two 
matrices 



we obtain 

Oj*! + \^i (TiOj + i'j.Sg «i«3 + 6iSs I 

ffls«i + &3^i ^s'^s + Ms «3«s + ^3^a I 
since, if we expand this determinant, each of its component 
determinants vanishes identically. 



47, We conclude this chapter by proving Euler's 
Theorem. — The product of two numbers, each of ^uhich is 
the sum of four squares, can be expressed as the svm of four 



cm + hd ~ ad^ + hi\ 
- fcjf + a^d b^di + «!«, 1' 



We have by multiplication 



a = x + y 7 - 1. a^ = x-y J -1. 

h = v. + v^-l, \ = u-v J-\, 

c =.^ + 3 ^- 1, Ci =i' - 2 */- 1. 

(^ = r + s V^^ (-^1 = r - s 7^^- 



s and reduce the three determinants 



Substitute these \ 
and there results 

(ai^ + j^ + 14^ + v^)i^^ + 2^ + r^ + s^ = (p3J - §7 + n^ - w)^ 

+ (p^ + §» + ni + mf + {pu + qv -rx~ si/f 

+ {pv - qu- ry + sxf. 

This result may be expressed in a great variety of ways 

(See Scott's Determinants, Art. 18, Chap; VI.). 
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CHAPTER IV. 



MISCELLANEOUS EXAMPLES AND DETERMINANTS OT 
SPECIAL FORMS. 



48, Miscellaneous Examples 



(1)A 



»' V <? ^ 

jS &3 C^ ^ 



.(«-6)Ca-.)(o^<0(6-.)(i -<!)(=-,(). 



For tbe determinant vanishes if we put a — h and therefore 
a - 6 is a factor of it. Similarly for the other factors a ~ a. 

Thus A = ■?(« - 6)(<^ - c)(a - <i)Q> - c)(& - d)(c - d), where 
F cannot contain any factor involving a, h, c, or d, since the 
expression which multiplies P is of the same degree as A. 
Now the co-efficient of hi?d^ is + 1 on the left and P on the 
right, hence P = + 1 , 
and therefore A = (« - h)(a - c){a - d){h - c)(b - d)(c - d). 

We can perform the reduction by another method. For 
subtract the last column in turn from the other three 
columns and we obtain successively, 


t - d b ~ d c - d 
(2_^2 J3_^ ^__^ 



A = 



-d b ~ 



~d^ c'- 



-{a-d){b- 



1 



i^ ^ ad + dj^b^ + U + d'' <? + cd + d' 
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-d){e-di <t-c i~c c + d \ 

«2 _ c2 + ad -cdj>^ ' c^ + hd - ctl c^ +c(l-i- (P] 



- ((s - d){b - d)(c - d)\ 



(«-!!)(» + e + li) (6 - c)(J + c + ff) j 



--(«-^)(»-'*)(»-4{.-)(»-«)l,^^,S+' + <i| 

- - (o-i)(S-<i)(c-t!)(o-c)(6-£)|} + 8 + ^-o-e-f![ 

.(a^t){o-«)(»-i)(6-»)(6-<i)(<i-4 

The following nine examples may be treated in a similar 
manner :— 



(2.) I : 1 

ab he 



.»J<r,^iXS-«)C»-«). 



(3.) II 1 1 



(o6 + fe + «»)(« -J)CS-«)(»^«). 



(*■) 


1 1 1 


a' f t'l 


(5.) 


1111 




a, h e d 




«' » e' <i" 




o« S' c" # 



- (o + i + « + (J)(<i - i)(« - e)(» - cO 
(6 -.)(»- <!)(»- <!)• 



(6.) ]1 1 1 11 

rt & c (^ = (aft + (le + o^ 4- fe + 6(? + c(^)(a - &) 
U« W <? if\ {a, - e)(a - d)(t - c)(i - d)(c - d). 
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(7.) ISVcP 1 <t 0(0 -1) 
cWd' 1 S S(' - 1) 
Jo's* 1 C c{c-l) 
\a?Vf 1 d d{d-V) 

= (aficH- a&(^ + (Ud + icfl)(a- h){a - c)(a - d)(h - c) 
(b - d){e - d). (See ei. 1 aod ajso ex. 9, Art. 21.) 



(9.) 



^»-l ^n-l c>v-l ... I 



_{a-b)(h~e)(a-c) 



(10.) 



1 


1 


1 


a 


6 





1 


1 


1 


«■ 


S> 


e' 


1 


I 


1 


# 


4» 


e' 



(»-i)(6-.)(»-.) 



The preceding determinants are merely particular cases 
of the form 



fW 


+W 


zW ■ . ■ 


f(S) 


+te) 


X(9) ■ ■ ■ 


pW 


+(») 


zW . ■ ■ 



where p{x), ■4•(^)^ z(^) denote rational, integral, algehraic 
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functiona of ic, and ^{p), &c., p(s), &c„ the same functions of 
^, s respectively. For a discussion of this general deter- 
minant the student is referred to Salmon's Higher Algebra, 
note to ex. 5, Art, 21. 



(11.) 



1 



1 



!+«„ 



For if any one of the quantities %, a^, 
then the determinant vanishes, since it then has two columns 
identical, and therefore it is divisible by OiO^o^ a^. 

Thus A = -PaiOa'^s %> 

when P is obviously + 1. 

(12.) 



(13.) 



1 1 +x 1 = ^. 

1 11+?/ 



1 + «1 1 

1 1 +«2 



For if any one of the quantities rtj, a^, a^ vanishes, 

then the determinant is reduced to a case of ex, (11). 
Thus by putting a^ = 0, a2 = we obtain successively the 
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03 



terms a^^^ a^ a^^^ a^ &c. If we now consider 

the product of the dexter diagonal elements, we see that 

ajOjOa ((„ is also a term in the result. 

The following three examples are particular cases of the 
preceding : — 
(U.) 



(15.) 



(16.) 



1+i 



- 1 1 
1 -1 



= ffi&cf 1 + - 



1 + 1- 
1 
1 
1 



'(-!) = 



1 + 1- 
1 



j^C,x+S 



1 + 1 - 



= (1-3)3(1-3 + 4)= - 16. 
Examples (11) to (16) inclusive may also be treated by 
successive reduction to determinants of lower order. We 
leave this to the student, 
I 



(17.) 
A = 



= (« + & + c) (ff. + (> 
where t^^ ■= 1 . 



^ + .^) (« + 5^ + c^2), 



For we have already seen that, by addii^ the second and 
third rows to the first, a + S + c is a factor. 

Again it ia at once evident, since ui^ = 1, aj" = 1, &c,, that 

la J el I « ioj^ 
c a 6 = cw a 6w^ - (a + ?iw^ + cw) 
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Thus a + &w^ + em 13 a second factor of A ■ 

a. h c\ \ a hu! C!^\ I 1 1 1 j 

b G a.\ \iai cu^ a\ \hra eu^ a] 

aad hence a + 5« + coi^ ia another factor of A ■ 

Thus A = P(a + 6 + c) {a + bi^ + cm) {a + Bw + c<^), where 
P is obviously + 1, as we see hy equating the co-eflicients 

of ffi3. 

The above may be proved more simply thus : — 

h ^ ^\^{a + i-hcXa^ + h^ + c'^-ab-bc-ca). (Ex. 
^ ^ ** 9, Art 29.) 

Thus a + B + c is a factor of A, i-^-, of «^ + J^ + c* - 3afc. 
Hence also a + 6iu^ + ew is a factor of a^ + ¥io^ + c^w^ - 3a&«oj3, 
i.e., oi a^ + ^ + c^ ~ Soic, since w* = 1, and w® = 1. 

Similarly it can be shown that ra + &ai + cto^ is a factor. 

"We may also adopt the following more general method. 
We have by Art. 20 

\a + 'hG + /i.h b + Xa + (i.c c + X5 + /ic I 
A = ]c a b 

\b c a 

Hence a+?.c + /n6 is a factor of Ai if 6+^a + /ic and 
c + ?.& + iuc be each divisible by it, i.e., if 

/i = — = — , or >.^ = 1 and /i = 'a\ 

Thus a+ x% + Xc is a factor of A. Similarly it may be 
shown that a-i-7j> + x^e is a factor. 
Hence as before 

A={a, + i + c){a+ r?h + xc){a + x5 + J.^^). 
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It may also be shown that 

A ={(i + b + c)(Xffl + i + X^e){X^tt + b + 7.c) 
= (a+b + c)(Xa + X% + cXx^a + Xb + c). 

We leave this as an exercise to the student. 

We will now give one or two additional illustrations of 
the method of resolvintf determinants into linear factors. 



(IS.) 


abed 










A = 


hade 
r. d ri li 
d c I a 


= - (a -i-b 


- 6 - cXd + 6 


-c-d) 


For we have aviccesaively 






[a + b + v + d a.-i-b + G-hd 


-t + h + c + d ( 


+ h + c-\- d 


^ I : 


d 


h 


i c 


h 


a 


- (o + 6 + c + <!) 


1 I 1 j 

I ., d .\ 
r. d a b\ 

d >: h u\ 








1-1 1-1 


1 - I 1 






= (a-\-h + c + i{) 


S - 1! CI- C 

c - b d-h 
d - a c - a 


d - c c 
« - 6 4 
i - IS « 






; 6 - c a~c 


<!-d 




- -(» 


+ 6 + <; + 


A: 


-6 d-t 


a~A 







\d-a r.-a b - a\ 
Now add the second column to the first and subtract the 
third and we obtain 

I a + b-c-d a- c d-c\ 

A = - (<i + 6 + c + rf) - C« + ^ - <^ - ^) ^ - ^ « - ^ ' 
\ - (a + h - c - d'} c - a b ~ a, 
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^ -(a + b + c + dXa + h-C'd)^ - 1 d-b a - b\ 
' - 1 c-a h^-a\ 

= - {a + i + e + d){a, + h - c - d) » uA- d~h- c a-^ d-h - c\ 
|(( d + l-a-c\ 

= - (ffi + & + c + cl){a + h - c - d){a + d-h- c){h + d - e - a) 

ii n-<', d-v\ 
l> I "1 ! 

[O I j 

= -{a + b + e + d){a + h-c- d){a -+ d - h - c){l> + d - c - a). 

This example may also be treated m the following 
manEer i — 

To the first column adii the other three siud we get 
a + h + o + dass, factor of the determinant. Again to the 
first column add the other thiee multiplied respectively by 
1,-1 and - 1, and we have a + b - c - d as another 
factor. Similarly we can show that a + d - b - c and 
a + e~ d - b are factors of the determinant. 

Hence, since the co-efficient of a* is unity, we have at 
once A = (a + h + c + d) {a + h- c-d) {a + d-b - c), 
^a + ,:-d-b). 

Corollary. — If a = we have 

\0 b c d j I 1 i 

^'^■•' c d Q b \\ d^ b^\ 
\d a b i> W e" y^ 0\ 

= '(b + c + d){c + ^ - b){J> + d- c){b + e-d) 

= ((P + ¥ - c^y - id^V' 

= rf* + &■ 4- c* - 2d^^ - 2¥c^ ~ %cH\ 
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= - ( Jaa^ + ^/Ml + J^ 

= a\^ + J^bj^ + e\^ - 2aaJ)b^ - ^bh^cc^ - tcc^aa^ 



(22.) 
A = 



A = oh 



d c 

-a b 
h-a 



= -(b + c + d- a)(c + d + a-b) 
{d-\-a. + h- cXa + b + c-d). 



For multiplying the first row by a, the second by b, and the 
third by e, ws obtain 



fflJ2 + cu? a?h a? 

ac^ be" a?e + 

-'^h? - Ibh j 
ab^ a?b + hc^ ¥c 

ac^ b^ a^c + b^c] 



(24.) a' (i + ef «' .2aJ<« + i + e 
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1(0 + S)' he 

(25.) U {„ + ,f 



(20.) 



(6 + c)«l 



I + 6 + «)•. 



6 « + c 

« + c h 



6 + < 
6 



' ia + bXb + cXo + a) 



49. Coqjugate Elements. — Elements are said to be 
conjugate to each other, when, considered with reference to 
their respective rows and columns, they hold the same 
positions. 

Thus in 

1 1*^1 ^1 '^1 1 

« IS conjugate tj b^ a^ tj Cj and l^ to The conjugates 

of rtj ?„ and (.3 aie evidently u^ h and (3 respectively. 

It IS easily seen that conjugate elements occupy the posi- 
tt m of a point md its image con'^ideied with respect to a 
pluie miiioi eonicilinj, with the pimcipal diagonal. 

50. Symmetrical, Skew, and Skew Symmetrical De- 
terminants, — When the conjugate elements of a deter- 
minant are equal to each other, the determinant is said to 
be symmetrical ; for example 



a 


h d 







z 


y 


b 


c e 


and 


s 







i 


' f 




y 


X 
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Determinants, in which ea«h element, except those in the 
principal diagonal, is equal to its conjugate with its sign 
changed, are called skew determinants ; for example 



-h 



Skew determinants, in which the elements in the 
principal diagonal vanish, are called skew sym/metrioal 
determinants ; for example 







^1 


A 


Ca 


i. 





d. 


d. 






51. In the case of symmetrical determinants it is clear 
that the minors, corresponding to any two conjugate ele- 
ments, are also equal. For the minors formed by omitting 
the jp"" row and 2'* column, and (f^ row and p"* column 
respectively, differ only by an interchange of rows and 
columns. 

For example in the symmetrical deteiminant 

I « 5 c I 
\c d a\ 



the minor of h in the first t 



and of i in the first 



Hence the reciprocal determinant of a symmetrical de- 
terminant is also symmetrical. 
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52. Again it ie easily seen that in a skew symmetrical 
determinant the minor of any element differa from the 
minor of the conjugate element, by the sign of every ele- 
ment in the minor. 

Hence if in a determinant of the ™'* order the minor of 
any element be denoted by P, and the minor of the con- 
jugate element by Q, we have P=(-l)"~i§, Thus 
P = ±Q, according aa m ia odd or even. 

For example in the determinant 







^1 h\ 



^i, ■ e-i. • I i^a - ^i I - ^2 

"the minor of \, i.e., Lr = i 

Hence the minors of 5j and - h^ are equal. 
Again in the determinant 



(I3 

- ^1 



the minor of ij, i.e., d^ 

\-il,0 -il\ 



that is, the minors of \ and - \ are equal in magnitude but 
differ in sign. 

Hence the reciprocal determinant of a skew symmetrical 
determinant is a symmetrical,, or skew symmetrical deter- 
minant, according as the given determinant is of odd or 
even degree. 
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53. Square of a Determinant. — if we multiply the 

l« hi 
determinant I ^ /i by itself we obtain 

Similarly 
I % \ Cj p ' a-^ + Sj^ + c^^ ffljiij + ft^d^ + <ii^2 %% + ''1^3 + ^1% I 
Og ^2 1^2 = ; '^''■a + ^1^2 + ^<^z ''a^ + bi + c^^ (Vta + h^^ + c^c^ 

and Ice y al* ] x^ + 1^ + :^ xy + t/z + 1^ x^ + t/z + isx\ 
3 !c ^ =|!Ky + ^3-i-aa; s^ + ^^ + z^ cci/ + ^z + zx'. 
\y 2 ic| \x^ + yz + sc x^ + ysi + aas a^ + y^ + z^\ 
From these examples we conclude that ^ square of a 
determinant is a syminetrical determinant, and generally 
that every even jiower of a determina/at is a syminetrical 
determvnant. 



il 1 l|2 jl+i+1 a + h + c a? + }^ + <?\ 

\a^ h^ e^\ \a^ + J^ + c^ a^ + b^ + c^ a* + 6* + c*| 
or \a'> + a" + a^ a + i + c a? + If + c'l 

(a~bf(b-c)\c-ay-=\a -i- b + c a? + b^ + c^ a^ + b^ + r^\, 

a result of great importance in the Theory of Algebraic 



It can easily be shown that the calculation of skew de- 
terminants reduces to that of skew symmetrical determin- 
ants ; for example 

il Ci\ 



\ + h\ 
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For a general proof of this theorem the student la referred 
to Salmon's|Higher Algebra, Art. 41. 

We need therefore only consider skew symmetrical deter- 
minants. 



54, Theorem. ^j1 skew symmetrical detetininaiit of an 
odd degree vanishes. 

Let A he a determinant of the n"' order. If wc multiply 
each row of A by - 1 we obtain 

A = ( - 1)"A (Art. 13) = - Aif n ha odd, 
hence A + A = 

or A = 0. 

Example. 
jo a J> 
A= -« c 
\-i ~c 
whence A = 0. 



1 





-a 


-b 


! 


a h 


= - 


a 





- c 


= - - a 


c 




h 








- h 


- c 



55. Theorem. — Askew sytnmetrwal determiwint of am, 
ven order is a complete square. 
For a determinant of the second order we get at once 

\ - a I " " ' 

Consider next a determinant of the fourth order, 

Ji cj dy 

-\ h <^2 

- Ci - Ca ^3 

-rfi -d^ -d^ 



By Art. 45 we have 



(^3 

-cL 



yGoosle 



DETERMINANTS OF SPECIAL EOKMS. 73 

where A^ anci £^ are the minors of the first and second 
zeros respectively in the dexter diagonal of A. and Bi and 
A^ the minors of b^ and - b^ respectively. 

Now Ai is a skew symmetrical determinant of the third 
order, and therefore vanishes (Art. 54), and B^= - A^, 
since A is a determinant of the foarth order (Art. 52), and 

hence (^i)' = M<^%)\ 

therefore A = (-r )■ ^ complete square. 

Similarly, if wo have a determinant of the sixth order, 
we can show that (B{f = A =< A', where A' is a skew sym- 
metrical determinant of the fourth order, and is therefore 
by the preceding case a complete square, and thus A is 
itself a complete square. 

In general, if A be a skew symmetrical determinant of 
ibe order 2,n, then {£^^ = A >< A', where A' is a skew sym- 
metrical determinant of the order 2n ~ 2, Thus A is a 
perfect square if A' is a perfect square. 

Hence the theorem is true for determinants of order 2m, 
if true for determinants of order 2n - 2, but it is true for 
determinants of the second order, as we have already seen, 
and is therefore true for determinants of the fourth order, 
and therefore for determinants of the sixth order, and so 



Examples. — 






A - 


1! 

-a 

-i - I 


t c 

I .» 

» 

-n 


= (lym - d - an)"^. 
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For, ty the above theorem, we have 
I ml" 



<2.) 






- dn - an^Y 



(bm - d - «ft)^. 



d 
-(! 



= (ad - hcf. 



- (ad + !»■)'. 



1 
-10 



.(« + i + .)'. 



.(« + S-c)'. 



- 1 1 

- 1 - 1 



56. Additional Miacellaneous Examples. 

(1.) 

■ ' . (o> + S« + 



d'f. 



y Google 



DETERMINANTS OF SPECIAL FORMS. 



Similarly 



A - 



= (p^ + q^ + r^ + s^f. 



1 - r J J! 
By multiplication we have A =< A' = 
(a' + i" + c' + d?f 0" + 5' + 1= + s^-(A' + B' + C + Jyf 
i.e., (o" + 6» + <!» + (i')(y + s« + r» + #) - ^' + 5' + C + 2)', 
where A = ap + iq f cr + ds, B = ~ aq + bp — cs + dr, 

C= ~ ar + hs + ep - dq, J)= - as -!»• + cq + dp. 
This furnishes another proof of Euler's theorem concGrn 
ing the product of two nnmhers, each of which is the sun 
of four squares. 
(2.) 1 -2(1 (j + i « + cj 

S + K -26 6 + t .4(J + c) (e + o) (n + S). 

(3.) 



»> (o + S)"l 



(5.) 



(6.) 
(7.) 



j + i 



24 !-(<, + J + tf. 



(be + ca + aby 
(I + c){c + a\a + B) 



(i + cf V 

a' (0+..)' 



(o + 6)' 

= 1 + ffl2 + J2 + c2. 



= Sa&eC + 6 + c)^ 
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MISCELLANEOUS EXAMPLES AND 



:«■) 



a h 



(10.) 



- Scdei. (See Art. S2). 
c d 
(9.) 1 a cf a>+hcd 

1 J 4' 6" + rf« _ 
1 c /fi ^ + dah 
1 1 (i df # + oSe 
fl^ TO^ (?^| 

«» iis »' . - (iim + m + ii)(<«! + M - m«)(iii 
m^ 6^ t^ (m« + id — fflc). 

(f rf c> I 



(11.) 


1 1-1 








1 he - vj: ab 
1-tc m td, 


- *<jfe(« + i). 




1 - fc ae-ab 




(12.) 


h c 






Wc ihc V + c'- a' 


= - 




2W » + 'f-(f ibc 




(13.) 


1.x!p s(a? + y') ><=»' + 2') 1 




<a? + /) 2x,z a<s,« + 2')Uo 




y(s« + 2?) »!(!/» + !?) 2a3B 


(14.) 


1111 






r r, 
)' 5-2 


-0, 




)• r, 







-M) 



where r, r^ rj, and r^ are the radii of the inscribed and 
three escribed circles of a triangle. 

(15.)[.!-<t b c d 



b 3 - c d 
b e s-o 



= ibcd(3 ~ a) + 4ci^a(s - b) 
+ idc(h(s - c) + 4ffl!>c(s - d). 
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DETERMINANTS OF SPECIAL FORMS. 



(16 


) 


1 


1 


1 


1 




1 


l+« 


1+J 


1 + 




1 «+l 





+ 5 


rt + 




1 t+ 1 


5 + 11 





6 + 




1 c+ 1 


c + a. 


s + 6 





l+» 


I 


1 




.8 1 


1+S 


1 


= 8s!. 


1 


1 


1 +c 




(1?.) 


»' + S' + »» 


2«i 


2ae 




4W 


2a& 


j' + 6> 


he 








2n« 


fc 


^ + c^'. 





I &^ + c^ ah cii I 
^^ - a'^'f\ ah c^ + a^ he \= {laMh^- + ^~ a?-)) \ 
ac Ic a^ + V'\ 



h a - d c 

c - d a h 

-de ha 



. -i6C»-«)(s-iX«-*-'0. 



(10.) I - a(li' -n? - a') 



- Wf + 11" - 6") 
26» 
. o5<o» + 5' + (ff. 



<o' + 6 



(20.) 



(21.) 



X a^ a^ a. 



= x* + x%a^^ + ffig^ + a/ + b^^ + h^ + c/) 



Ix my 'TIS 




he ca ab 


ax hy cz 


= 


■mn rd Im 


al Im cfti 




yz ^ 'xy 
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MISCELLANEOUS EXAMPLES AND 



(22.) a + b + c + d a-h-a + d a-b + c-d 

a^h-c+d a+h+o+d a+b-e-d 

a, - l -i- (■ - d a + b~c^d a + h + c + d 

— 1 (i(bcd + cda + dai + abc). 

{iS.) !>? - i/s 'if - sx 2?-a^] X y e 

■ xy x^- yz y^- w:\= z x y 

= (afl -i- y^ + i? - 3a^z).^ 
(;24.)| 2a2 a? + l^-c^ c^ + a^-i^\ 

= 4 {a*(i2 + (3 _ «2) + ^i^cB + ^2 - 62) + c*(«2 + fta _ c2) . 



2«>'&^(?}. 



(25.) 



b^+t^-ab-ca a?+ (?-ab~bc a^ + ¥- be - 
a^^W~ho -ca fc2 + e2 - a& - m rt^ + c^ - rt& - 
a^ + c^ - ah - bo a^ + b^ - be - ca V^ + i? - ah - 
b-he- a a + c-h a + b - c"^ \a b cp 
(1 + 6- c S + c -a a + c-bl = 2 e a b\ 
a-vc-ba + b-cb + c-a\ \h e a\ 
- 2(«3 + 6^ + c3- 3ate)2. 
(26.) I 1 1 1 I 

I 6%« c%^ a?b^ I 

= aKa + fc + 0(«-^X^-'^)C«-0- 

(27.) I 11 1 I 

be{c - &) ea(ffl ~ a) ab(b - a) 
I l^c (?a a^b I 

= abc{a^ + &s + cB - 3o&c). 



] 



1 



1 2(s-6)(s-o) sc s6 

1 sc 2(s ~ c)(s - a) sa 

1 .i s« 2(. -«)(«-&) 

= - 1 6s(s - »)(s - l){s - c), where 2s = (s + 6 + 
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DETEHMINANTS OF SPECIAL FORMS. 



(29.) 



(310 



ill ~ a ci + h a + b a + i\ 

a-i-b S(t-b a + b « + &_,„/ ,-,,4 

a + b a + b U-a a + b]' ''^'^'^ " "^f ' 

n + b a + b a + h Za-b\ 



1 


2 


3 


4 


2 


6 


12 


20 


S 


12 


30 


60 


4 


20 


60 


140 



20 



13 

1 4 15 54j~ ^ 

1 5 24 112 

(32,) 4 3 2 1 

36 63 Si 90 

16 44 SO 120 
12 46 105 195 

(33.)|« X Oj 

\i a y X 

\i: b z y 

|0 c s| 
(34.) I » b h h 



= (fix - a^y - (ay - hx){bz ~ 



(36.) 



V 



ia' a' + f-e^ e' + ir'-b' 
^ a^ + W-n^ m 6^ + e^ - ffl« 

1 e' c' + n'-V V'rc'-ii? 2ii' 

- - (n^ + S" + o')(i« + e" - «=)(c" + a" ^ ¥%«? + 6" - c') 
. »< (o' - 2i') + S' (4' - W) + c« (c' - 2o«). 
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MISCELLANEOUS EXAMPLES AND 



(37.) 



rr. 


2S 


c 





a 


26 c 


s 


2« 


d 





b 


2e <i 



- bcf - 4(&2 - at)((|2 - 6d). 



I c-6 26 + t + (i «-S 
i J-c ft-c 2c + ffi + i| 

-8(6 + »)(« + «)(• + !.). 

J.)l*a + ^ + c c-6-2ff 6-c-2a 
c-a-26 46 + c + (t (i-e-26 
i&-a-2e a-J-2c 4c + ([ + 6 



(40.) j 4a Sa-Z'-c V-a-l-A 

3S-<!-o 4S 3S-e-fi .2(<j + S + <!)». 

3e - « ^ S 8e - o - i 4c 1 



(41.) 



-ai, lA i^ 
- U oh 9 



(42.) 1 11 

1 a^ + K^ a6 + a^ ac + «/ 

1 oi + «? i^ + ZS" !» + (37 

1 «c + a/ 6c + ^7 c^ + 7^ I 

. - {.(6 ^ <!) + «» -«) + r(« -*)}'■ 

(43.) Ui a a \\ 

U a,, « 1 

J h X, 1 , 

|l 1 1 ol 

(»■, - ■.)(!■, - <0 (», -■»)-(».- ^(»3 - t)fe - 6) 
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DETERMINANTS OP SPECIAL POEMS. 



(41.) 



(15.) 






a 


a 


1 


i 





a 


1 


h 


h 





1 


1 


1 


1 






-{a^ + ab + h% 



i x^ a a 
b b X, a 



b b x^ 
«(%- S)fa- b)(x^- b)(x,- b) - h{x^- a){x^- a){x^- tx){x,-- a) 



. 20, Art, 29 is a particular case of this. 



(16.) 






6 4 S 36 



(17.)] 6 + 1! 6-1! c-b 
U-6 b-a + 6 



(18.) I 2« + 1 1 1 2« - 1 j 

-6 + 1 a + 6+1 6-([+l 6 + «-l 

1 1 26+1 26 - 1 ! 

1 1 1 5 i 

-16(a' + a6 + 6«). 

(49.) I 11 II 

\{l-bf(b-lf(c^ly\ 

. - (2« - 6 - <!)(26 - e - o)(2<! - « - 6). 

(50.) I a+b 6 + c c + « I 

a+6-1 6+c-l c+fi-1 

j(o+6)(i» + 6-l) (6 + e)(6 + e-l) (c + (i)(t + o - 1)1 

H»-6)(6 -»)(,.-.). 



y Google 



MISCELLANEOUS EXAMPLES. 



(ol.)\a + b c + a h + c] 

\c + a b + c a + h\ 

(62.)\ab+hc m + ab lc + ca\ ' ab 
I fc + m ab + bc ca + a& = 2 cff 
ca + ab be + ca ab -i- be \ bo 



= 2(aW + ¥c^ + <?a? - Za?bh''). 



(53). 



1 
-1 



= 0, where a^ = 1. 



(64). 



abc bed cda dab 
a%h^ Ih^d? e-^a^ d?a?i^ 
ffiSfiV js^s^s c3(^a» d^a^^ 



,)(« _ cXa - d)ib - c){h - d){d - c). 



Xi x^-x^ x^- x^ 



(50). 



hcd cda aid ffl&c 
\hViP APa' aWd? a'h'c 



(57). 



.-J)(a-o)(«- 



1 


1 


+ b 


a + c 





b + c 


+ h 






-cXi-d){d~c). 
\a b c / 
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CHAPTER V. 

APPLICATIONS OF DETERMINANTS. 

57. SoIuHon of Equations expressed as Determinants. 

— As this part of the subject is not an important one, we 
will merely give one or two examples as iliustrations, add- 
ing a number for prafitice. 

For example, suppose we have to solve the determin- 
antal equation, 

(1.) |« 1 i( 

A - 1 1 » 1-0. 
Il 1 ai I 

By reducing the (ieterrainant we obtain 

A-C»-l)'(« + 2)-0, 

whence a; = 1 and a; = - 2. 

(2.) [i-o x-b x-cl 

\x ~h X - c X - a^ 

We have (See ex. 9. Art. 21)) 

A - (s - ")' + (x- i}' *(x~ cf - 3(ic - a)(x - >?)(x - c) - 0, 

or !x- a + X -b + s; - c) {(x ~ a)^ + {x - hy + (x - c)^ - 
{X - d){x -t)-(x- i){x -e)-(x- eXx - «)} - 0, 
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APPLICATIONS OF DETERMINANTS. 



whenc 


e (k - a + a; - 


h^x-c) = 


theref-..- " + '" 


(3.) 
A- 


X h e d 
h X i 
c d X I 

d 1, X 


= 0. 


W 


e have (Es. IS 


, Art 18) 



: ~{x + h^c + d){x + 1-C- d){x ^d-l-c) 



hence 


the four values of x a 


re 


-'b~o~d,e-^d-b,h + c-d,B.-aAd + i 


Additional Examples : 


(*)• 


a X a. ... <t 


n rows) 

= 0, {iB = «, and «(1 



.(!-«)}. 



(5.) 



ft / abc \ 

& or**- V^ " ^4- 6c + mV 
c I 



^ 


« i 


c 


ffl 


a: 





J 


X 





e 





X 



■0. (a;=0 and ± Ja^ + b^ + c' 
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APPLICATIONS OF DETEKMINANTS. 



X 


I'l 




a 


o'i-O. 


{x = a, and = h). 


i 


(,! 




-l- 


c 2x 


2x 


2S 


h-c- 


» 2* - 0. 


2c 


2c 


c-b-x 



^(& + c)}. 



<9.) 



± ^M - M, ± s/ci£ - bd 

Reduce the followiug detevmiuautal equations to the 
solution of a cubic and a quadratic equation respectively : 

(10.) I a a; a; I 



\(a+xf (b + xf (e+xf\=lK 
\{2a + xf (25 + a')^ (ie + xf\ 

58. Solution of a system of 7i Eciuations of the first 
degree between n Variables.- — This is one of the most 
important of the applications of determinajits, but we will 
only give one or two of the more elementary propositions 
on the subject. 

To make our demonstrations as simple as possible we 
will consider three equations between three variables, but 
the method applies equally in general. 
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C APPLICATIONS OF DUTERMIXANTS. 

Let the three equations be 
a-^ + &i^ + c-iZ = di, 

Sioce Or^x + l>ji/ + CiS - di - 0, 
and a^x + \'i/ + c^- d^- ^ ; 

we have at once 

a^^ + 61^ + CjS - d^ b^ Gj ' 

«^ + 6^ + CgS - (^2 &2 Cg I = 0. 

This determinant can he resolved into the sum of four 
determinants, two of which vanish (Cor. III. Art. 1 3). 
The two that remain are 






and - (^3 &2 Cj = - rfg Sg c^ = - A '. 

- rfg ?lj Cgl l^! ^ %1 



Hencia;A - A' = 

A ' _ diA-^ + rfj^g + d^A^ 



and therefore sc = 



In a similar manner it is found that 

= a" - 'b^u^J^ili^? 

, A'" diOi + d,C^ + dsVs 

and 3= - — = — — — — 7^- 

A Ci(7i + CgCa + CaCg 
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APPLICATIONS OF DETERMINANTS. » I 

The above result may be obtained more simply thus : 
Multiply the first equation by A-i, the second by A^, and 
the third by A^, ffhen we get at once 

Aa: = d^Ai + d^^ 4- d^A^. 

Similarly by multiplying by B^, B^, Bg and C^, Cg, C3 we 
bave 

Ay = d^B^ + d^2 + dsB^ 
A s = 1^1 Ci + (4 C2 + '^s ^8- 

Thus each variable can be expressed as a fraction, whose 
denominator is the determinant, whose elements are the 
co-efficients of all the variables, and whose numerator is the 
same determinant with the co-efficients of the variable, 
whose value we wish to determine, replaced by the constant 

terms of the equations. 

We will now prove that the values of x, y, and 2, found 

as above, satisfy the given equations. For substituting, in 

the first equation, for example, these values of x, y, and z, 

we obtain 

«i KA + '^3-^3 + i^A) ^'i(t^i-gi + ^A + ^-63) c^{d^c^ + d^G^ + dgG^ ) 

A A A ~ ^' 

•r diict^Aj^ + \Bi + c-fi^) + dla-^A„^ + \B^ + c^O^ + d^a^A^ + \B^ + '^1^3) = t^ A- 

Now a^A^ + \B^ + CjC-i == A, 

Ma + ^-62 -\- C1C3 = 0, 

and a^Ag + h^B^ + c^C^ = ; 

hence d^A = d^A- 

In a similar manner it can be shown that the same values 
of X, y, and z satisfy the other two equations. 
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APPLICATIONS OP DETERMINANTS. 



59, If all the constant terms of the equations vanish 
except one, for example, if the given equations be 






_ d^B^ 



_d,Ci 



I therefore - 



G, A 

From this we conclude that in a system of ji equations 
of the first degree between n variables, and in which all 
the constant terms but one vanish, the values of the vari- 
ables are proportional to the minors of the co-efficients of 
the variables in the equation, whose constant term does not 
vanish. 

60. If now all the constant terms vanish ; for example, 
if the given system of Equations he 

ia^x + b-^ + c^s ^ 0, 
a^ + fe^y + CjE = 0, 
«»c + % + c^z = 0, 



then X = 







and s = 



i if A be not = 0, then x = y^ 



= 0. 



In order therefore that three such equations may be com- 
patible, that is, admit of solutions which are not zero, we 
must have 

% ^1 'a I 

rtj \ cA= 0. 



y Google 



APPUCATIONS OF DETERMINANTS. 89 

If this relation holds amongst the co-efficients the equa^ 
tiona may be satisfied by 

A, B, C' 



A A 



Hence we conclude that in a system of n equations 
between n variables, and in which all the constant terms 
vanish, the values of the variables are proportional to the 
determinant Minors of the co-efficients of the variables in 
any of the equations. 

We have also the following relations between the Minors : 



A, A, A, 

a~b,-b: 




-B, B, B, 

C, 0, " c,' 




c, c, c, 

A^~ A,~A^ 




See also CoTollarj', 


Art. 15. 


61. Examples: — 




(1). Solve 




5x + 3y + Ss^ 
2a; + 6y - 3s : 
Sx~dy-i-2z-- 


-48, 
.18, 
-21 
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We have by the rule 




48 3 3 


5 3 3 


x = 


18 6-3 


+ 2 6-3 




21-8 2 


8-3 2 


- -608+ -231-3. 


Simikrly y = 5, and n = 6. 


2.) (4!,-3.-l 


< Si - 22 - 8 




(S;.-7y.2 





1 i -3 4 -3 

ic- 8 -2U- 3 -2! 

I2-7 o| 1-5-7 

-138.^28-6. 

Similarly 3/ = 4. and s = 5. 



3.) f a; - ffl)/ + a% = a^ 
^ ai - cjf + A = c^ 



= J* -5 i-^ k. 1 -6 t'* 

c^ - c c^ 1 11 - e c^ I 

j «^ - 1 ff I j 1 - a a^ 

= a6o S^ -1 &U-|l -^ ^'^ 
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Similarly p = ab + hc + ca and e = a + h + c. 

(*■) 



x + y + z = 
(& + c> + (c + a)p + {a + ^)2 = fy- 
hae + cay + ahz = 1 



(»-S)C«-«) 
1 



1 (c~aXc-V) 



'5.) raw + ly + ez + dii^^l 
\j)x + cy + dz + mi = 1 
fex + dy-i-as + hu=l 
\dx-i-ay + hs + cu= 1 






p.) 



SKiC + 6j/ 4- t3 = (^ 



d(d - b) {d - c) 



8.) (lx + a'i/~ 



(9.) 



( c?/ + 5s = « 
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APPLICATIONS OF DETERMINANTS. 



— + — = 1 

X y 


x^ 2((, 
. ;; - 2S. 


- + --1 


s = Sc. 



(10.) 



62, Condition that n Linear Equations between n-\ 

Variables may be consistent, — Let its consider the four 
eqiiations. 

f a^ + Sj?/ + c^s + rij = 0. 

J «2''^ + % + CgS + (?g = 0, 

I tt^ + S^ + Cgs; + rfg = 0, 
V a^x + &4^ + c^ + c?4 = 0, 

We have already seen thatj in order that the system 

a^ + i^y + CiZ 4- d^w = 0, 
a^ + 1}^ + c^ + d^w — 0, 

OgtC + ^Igl/ + CgS + (^jW = 0, 

a^a; + i^ + c^ + di^} = 0, 
may be consistent, we must have 



<h 



= 0. 



k 



Hence, since the given system of equations can be 
deduced from this system by putting lu = 1, we see that, m 
order that the given system may be consistent, the detei'- 
mi/nant whose elements are all IM ao-effiments of the 
variables and the constant terms mv.st vanish. 

This important proposition can also be proved in another 
way. 
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Iq order that the fourth equation may be consistent with 
the other three, the values of x, y, z, found from the iirst 
three, niust satisfy the fourth. 

The condition for consistency is therefore 

A' , A" A'" , ,, 
A A 'a 

or «iA' + 64A" + fiA" + <^4A =0 

that is a^A^ + h^B^ + c^C^ + d^D^ = 

a^ \ c^ 

", h % 
|». s. c, d. 

Examples : 

The equations 

ciic + hy+ c = 
CX + ay -i-h = 
hx+ cy + a — 

are consistent if 

\c a 6-0, that is, if a^ + h^ + <?- Scibc = 0. 



\b c a\ 
Similarly the equations 



I 



(b ■i-c)x + (c + aJi/ + (a. + b) = 
(e + (t>c + (a + % + (6 + c) = 
(a + h)x + (b-^c)y + {c+a)^0 



e consistent if 

\c + a a + h i' + cUo i.e. a^ + l^-i-c^- Saic = 0. 
ff+& 6+c e+rt! 
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94 APPLICATIONS OF DETERMINANTS. 

63. We are now in a position to give another demonstra- 
tion of the Theorem in Art. 45. 

For let VIS consider the system of equations 

%ic + &i3/ + c-jS = clf^, 

ttga; + % + C3S = d^. 

Solving for x, y and z we obtain, 

A >; a; = d^A-i + d^A^ + d^A^, 

A x3=(JiCi + (^2(7a + £;3(73. (Art. 58). 

If we now solve for d^, d^ and d^ in this second system of 
equations, we have 

A' X i^i = aiAai + "3Ay + «3As, 
A' X i^ = /3i Aic + ^a A^ + /33 As, 
a' X rfj = 7, Aa; + y-iA?/ -f 73 AS ■> 

Ml A tfJ 
where A' = U3 -S^ cA = A"^ (Art. 44), 

Hence we have 

A^ >; rfi = aiAss + «aA^ + csAs, 



<:;i = «i A'*^a) + «, A^-^J/ + «sA^- 
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But as above 

d^ = a-^x + h^i + c-fZ, 
and therefore 

(i,^ + % + e^z = «! A^~% + Kg A^"V + «3 A^" 
or % = KiA^~^, 



that is 



Wi 63 



«2 



-^2 '^3 I 



h 


I'l 


«ii 


<k 


•^s 


lis 




i'. 



We will next prove as in Art. 45 that 



h 



Solving for z and w in the system ot equations 
0^ + 63^ + CgS + d^w = e^ 



A z - «,C, + «, C, + «3C, + «, C„ 
Aw = fiii>i + ejit^ + 63^)3 + ej)^. 

Hence multiplying the first of these equations by D^ and 
the second by C4, and subtracting, we have 

C, A2 - C, Aw - 'i.Dip^ - AC,) + t4fiA - DtVt) + 'tC^A - AC*) 



A CJ 
lA AI" 



1A A 



It's C.l 

"A A 
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But if we eliminate x and p from the first three equations 
of the original system, we obtain 



Og 63 Cg + w fflj 62 <^ = e^ - ^aic ffla ^2 + ^2 ~ ''a^ "^a \\ 



I "1 ^1 1^1 \H '*! ^1 1 



% ^3 %l ['"s ^8 



* * ^ fig &3I ^|ffl^ &i| ^, «2 SjI' 

Hence comparing this result with the above, we find 

\Gz Al I"! ^iL X 
|C^j Al 1^^ W 

The method in which the general theorem is proved will 
be sufficiently obvious from the proofs in ihe preceding 
cases. 

We can also give another proof that the product of two 
determinants is a determinant. 

For example, let tis consider two systems of three equa- 
tions, such as 
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If we now substitute in the second system the values of 
dj, dj and dg obtained from the first, and collect the co- 
efficients of X, y and z, we obtain 

(oioi + 02^1 + ffl37i> + C^i«i + h'^i + hy^y + (ci"! + ^i^i + os.yi)^ = <* 

(cti^s + o^Sa + ffB7g)x + lh\a^ + S^/^s + \7-i)y + fe"3 + "a^^s + '^73> = 
Now the condition of consistency of this third system of 



lojOB + oySj + aaya Vg -i- 6^83 + S^yg ^1^3 + CgfSg S- 6^73 1 
But if we write the original equations thus : 
= 0, 



a^ + i^ + c^ 



fi + ^id^ + yjds = 0, 
+ Mgi^i + ySgi^ + 7g(?3 = 0, 

+ Wgt^i + ^jl^ + 72cfg = 0, 

the condition of consistency is at once 



= (Art. 60) 



ffll 


^1 


«1 


1 








*2 


\ 


cg 





- 1 





% 


h 


% 








- 1 











«1 


ft 


7i 











"2 


^ 


72 











"■3 


0, 


78 
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Now 

ki h 'ill l«i ^1 7i! 

A' =02 \ cJx Kg /S^ 73 (Art 35). 
1% &3 %| Us .S3 73I 

This must be the same condition aa that already found, 
and therefore A and A' can only differ by a numerical 
factor which is seen to be unity on equating the co-efRcients 
of any term say Oj i^ '^s "i 1^2 7i- 

This proof has been taken with some slight modiftcations 
from the Chapter on Determinants in the " Messenger of 
Mathematics " by Professor P. G. Tait. 

64, Trigonometrical Applications.— We can also ex- 
press in determinant notation several trigonometrical I'elor 
tions. 

For example ; we have (Todhunter's Trigonometry, Art. 
216)/ 

d==c cos B+h cos G - a + hcosO + c cos B = Q 

h = a cos C + c cos A that is a cos - b + ecosA = 
c ~ h cos A + a COS B, a eos B + b cos A - e = 0. 

The condition that these equations may be consistent is 

1-1 cos cos B\ 



eos C 
cos B 


^1 cosAl. 
cos A ~ 1 1 


^0, 






lich gives 










C'os^A-v 


■ COS^B + GOS^C + 


2 cos A. 


cot B. 


m C 


Again 

a'-l' + c'^ 2fc „s A 


I 
= 1 
cos A 



t 


cos A 
1 



We add three trigonometrical identities for verification 
by the student. 
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1 1 

dn A sin B sin C 
cos A cos B cos 

- sin(B - C) + sin(C ~ A) + sitiA - B) 

-isin i(^ - B). sin 1(JJ - C). sin ^ {A - C). 

I SOT A sin B sin C 1 

\ cos A cos B cos O \ 

I sin A. cos A sin B. ixis B sin C cos C\ 

. Ssin i{A - B)dn J(5 - 0)sin 1{C ~ A) 

i^sin{A + 5) + S»»(B + 0) + sin{C + ^)J 

- - lUiniA -B)* sin(B -C) + sin(C - ^)| 

\sin(A +B) + sin{B + C) + sm(C + A)L 



<3.) 



COS G 

il 1 
i 1 cos A 



= 16 sin^ — sin^^sin^—- ■ 



1 



S5. Relations between the roots and co-efficients of a 
cubic equation. 

Let the equation be ^ +px^ + 5a; + r = 0, 
and let the roots he a, h, and c. 
We get at once a^ +pa^ + qa + r= 0, 

Solymg for p we have 



«» 


a 


1 


11= a 1 


v> 


I 


1 - 


-ft 1 


c' 


c 


1 


I? c 1 
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